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Abstract 

Heat, pressure waves and fragments are the main products of an explosion which is a complex 

physical event that, in microseconds, converts explosive material into gases and heat and delivers 

hundreds of fragments with speeds that generally exceed a kilometre per second.  Of the three 

products, fragments travel the furthest and cause the most destruction. For example, fragments 

from Improvised Explosive Devices (IEDs), bombs or fragmenting devices, can destroy or damage 

armoured military vehicles as well as injuring or killing troops.  This thesis will consider only 

explosion fragments. 

To protect military vehicles, engineers and designers need to consider how explosions affects their 

designs. A new vehicle design experiencing an explosion would be destructive, time consuming and 

costly and so one of the most effective ways, of evaluating a new design, is to employ an accurate 

computer simulation. Computer methods such as Finite Element Analysis (FEA) provide an accurate 

simulation, but they are computer intensive and preventatively slow. 

The aim of this thesis is to create a fast and accurate simulation of explosion fragments, as an 

alternative to FEA.   

The first contribution involves building a model to create fragments on a warhead’s cylindrical 

casing. The casing is unfurled into a rectangle using templates to define the shape of fragments and 

two Poisson distributions are used to calculate the fragments’ lengths and widths and determine the 

number of fragments. To assess the accuracy of the final model the number and weight of created 

fragments is checked against Mott’s accurate distribution linking the number and weight of 

fragments.  A high correlation coefficient of 0.99 is achieved, showing this new model is accurate.  

The fast execution time of this model is approximately 0.1 seconds. 

The second contribution involves enhancing the equation that calculates the initial velocity of 

fragments.  Experimental data is used to shape a graph of initial velocity of fragments against the 

warhead’s length. This information is then used to modify an existing two-dimensional equation that 

calculates the initial velocity of fragments, through applying the conservation of energy and 

momentum.  The resultant equations are verified against experimental data to reveal the new 

equations are accurate with correlation coefficients greater than 0.89. The fast execution times of 

the equations are approximately 35 microseconds. 

The third contribution involves enhancing the equation that calculates the initial angle of projection 

of fragments.  Experimental data is used to shape a graph of initial angle of projection of fragments 

against the warhead’s length. This information is then used to create a new equation, incorporating 

the second contribution and published research that indicates how initial angles of projection are 

affected by the shape of the expanding casing. The new equation is verified against several 

experimental data sets and achieves correlation coefficients greater than 0.88 which shows the new 

equation is accurate.  An alternative equation, used in some FEA simulations, has a significantly 

lower correlation coefficient against the same experimental data.  The fast execution time of the 

new equation is approximately 18 microseconds. 

The final contribution involves the creation of an explosion fragment simulation.  The simulation 

uses the equations and models from the first, second and third contributions and includes equations 

to calculate the flight of fragments and armour penetration. The volume of the target vehicle is 

divided into cubes and the probability that a cube is hit by fragments is calculated. The resultant 
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simulation is verified by providing test results of the initial impact of fragments, known as witness 

plates in explosion experiments, and checking them against results produced by FEA simulations and 

physical experiments. The contribution simulation has similar test results as the FEA simulations 

except there are fewer hits.  This is probably because small fragments are omitted in the 

contribution simulation.  The number of hits in the experimental results is similar to the number of 

hits in the contribution simulation. The execution time of the simulation is approximately 0.2 

seconds, but this can be reduced if the computer code is optimised.  An FEA simulation can take 

many minutes or hours to complete an analysis. 
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1 Introduction 

1.1 Overview 

When triggered, TNT, a well-known high explosive, changes into hot gases with 1,000 times the 

explosive’s original volume in 1/10,000th of a second. High explosives in warheads release enough 

energy to destroy large vehicles and/or kill many soldiers. Today wars and skirmishes still occur, and 

explosions are widespread, so it is vital military vehicles and personnel are protected against such 

weapons.   

An explosion is a complex physical event that is very destructive and in microseconds, converts 

explosive material into high pressure hot gases, creating hundreds of fragments having speeds that 

exceed a kilometre per second.  Explosions in a conflict zone are one of the main reasons military 

vehicles are incapacitated and people die.   

Military engineers and designers need to reduce the impact of explosions on vehicles and soldiers.  

For example, vehicles can be protected with better armour and soldiers provided with flak jackets.  

However, weapons are improving and becoming more accurate and more destructive.  Fragments 

can pierce armour and Improvised Explosive Devices (IED) triggered remotely or via pressure, have 

caused thousands of deaths and crippled many vehicles.  

To assess whether a new vehicle design provides better protection from explosions, engineers and 

designers need to test their designs.  There are different ways of performing these tests. A new 

design can be tested against a physical explosion.  This method is destructive, expensive and time 

consuming and many warheads and vehicles are damaged or destroyed but with sufficient testing it 

is possible to assess if the new design provided better protection. 

Computer scientists can transfer an expert’s knowledge of warheads and their effect on vehicles to a 

set of computer algorithms, called an expert system.  However, there are few explosion experts who 

understand the interaction of warheads on vehicles and the algorithms are complex and may only 

cover limited warheads and vehicles. This approach then has limited use to test a new vehicle 

design. 

With the increasing power of computers complex and accurate computer models such as Finite 

Element Analysis (FEA) can be used to simulate an explosion and subsequently to test a new design. 

Objects are overlaid with a matrix of small cells to form the shape of the object.  Within these cells 

forces are calculated numerically by solving partial differential equations and iterations of these 

calculations are used to simulate an explosion. However, these models are computer intensive and 

preventatively slow and are difficult to set up, but they can be used to test a new vehicle design.   

Finally, a series of uncomplicated computer programmes can be written to emulate an explosion and 

its effect on its surroundings. Each computer programme emulates a physical event such as 

transforming the explosive charge into a vast amount of hot gases, which results in high pressure 

inside the explosion’s casing, which expands and splits the casing into fragments.  The numerous 

fragments are then projected into the atmosphere with different sizes, weights, velocities and 

directions.  These physical events have been researched but some events only provide an accurate 

analytical equation or method for part of the warhead.  Such equations must be improved if the 
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explosion simulation is to be accurate and fast.  If these obstacles can be overcome this approach 

can be used to test a new design. 

The objective of this research is to simulate an explosion, using available research, to help increase a 

vehicle’s survivability.  The method selected is to use a series of equations that represent physical 

events in an explosion.  It offers a fast execution time and an alternative to computer intensive FEA.   

This method can then be used to assess the efficiency of a new vehicle design. 

1.2 Steps needed to create a simulation 

A new simulation is achieved by first defining what is survivability and then identifying and including 

any improvements in the steps required to achieve this. 

Survivability of military vehicles depends on many factors.  For example, the vehicles’ physical 

attributes such as speed, size and available camouflage, the size and type of warheads attacking the 

vehicle, whether components fail and the mission the vehicle is on, such as whether it is an attack or 

a transport mission.   

The most relevant factor causing the vehicle to fail is being hit by a weapon, especially an explosion, 

so survivability in this thesis only considers explosions. The three main products of an explosion are 

heat, pressure and fragments and only fragments are included in the simulation.  This is because 

they travel the furthest, are the fastest and cause a great deal of devastation. 

A fragmenting explosion is broken down into the following steps, together with some issues and 

improvements: 

1. The explosive charge is activated to form many explosive gases and heat.  The volume of 
gases produced creates an enormous increase in pressure inside the warhead’s casing.  
When all the explosive charge has been converted into heat and gases constant pressure 
is present, inside the warhead’s casing.   

2. This pressure forces the casing to change shape and bulge. 
3. The casing eventually fractures to produce many fragments.  The distribution of the 

number and weight of fragments is well defined and available in several research papers 
but simulating fragments’ shapes and their original position on the casing are not well 
defined.  The shape of fragments determines the fragments’ drag force (air resistance) 
and amount of penetration of armour and the original position on the casing helps to 
establish where the fragments hit the target.   

4. Fragments are expelled on a trajectory subject to their initial position, velocity and angle 
of projection.  External forces of drag and gravity can force the fragments’ trajectories 
and velocities to change.   

5. Some fragments hit the target vehicle and may penetrate the vehicle’s armour and then 
enter the vehicle. The vehicle’s three-dimensional space is dividing into small cubes 
called voxels and the movement of fragments inside the vehicle determined.  Calculating 
the number of times each voxel is hit by fragments provides information to compute the 
overall survivability of each voxel.  
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1.3 Motivation for the research 

The motivation for this research started with me helping a Ph D student involved in researching 

military vehicles at the University of Brighton.  Overall, I found this work interesting, especially when 

introduced to explosions and survivability and, in talking to other researchers, discovered these 

areas of research are worth pursuing.    

Explosions are lethal to both military vehicles and people.  Since 1945 the UK has been involved       

in many hostilities.  According to Gutteridge the UK was involved in Korea in 1952, in Bosnia in    

1999,  in Kuwait in 2002, in Iraq in 2002, in Syria in 2011, and in Iraq and Syria from 2014 to the 

present day [1]. Each of these hostilities produced many explosions. 

Many lives and vehicles are lost in hostilities.  Galloway [2]  indicated that since July 2003, 

Improvised Explosive Devices (IED) have been  responsible for “1,795 deaths of Coalition Forces in 

Iraq and another 231 in Afghanistan”.  As well as human losses many vehicles have been lost or 

damaged. Bird [3] indicated that anti-vehicular landmines are a danger to military operations. The 

percentage of USA military losses, caused by landmines in past conflicts, was 59% in the Persian Gulf 

and 60% in Somalia.   

The numbers of hostilities, vehicle losses and deaths mean exploring methods to reduce the impact 

of explosions and their effect is a rewarding area of research.  

An explosion concludes in microseconds and this makes it difficult and expensive to obtain physically  

explosion data. Hundreds or thousands of fragments flying at thousands of metres a second means 

the measurement of variables such as a fragment’s angle of projection and velocity is problematic.  

In addition, the outcome of an explosion can cause extensive damage and in many ways every 

explosion is unique. So, creating an accurate explosion model would be useful to vehicle designers 

and engineers in that they could test, change and retest their designs without experiencing any 

damage. 

Many current explosion models have slow execution speeds and some parts of these models are 

inaccurate over a portion of the explosion warhead.  This means there is a need for a fast and 

accurate simulation model.  This would help people assess their designs, when subject to explosions. 

An accurate simulation model would help increase the survivability of vehicles and may be adapted 

to help protect soldiers.  
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1.4 Aims of this thesis 

The aim of this thesis is to create a fast and accurate simulation of an explosion, as an alternative to 

FEA, which will help to determine the survivability of a military vehicle.   

  

1. To identify a methodology to calculate the survivability of a military vehicle being attacked 
by fragments from an explosion. 
 

2. To identify the steps and equations required to generate a fragmenting explosion 
simulation. 
 

3. To create any missing steps in the simulation or improve steps that have inaccurate results 
or a slow execution time.  To verify any created or improved steps against existing 
experimental data. 
 

4. To write an accurate real time model that simulates a fragmenting explosion and helps to 
determine the probability of survivability of the attacked vehicle. 
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2 Structure of the thesis 

The remainder of this thesis is divided into the following chapters: 

Chapter 3 - Background  

This is a large chapter that describes many areas. Survivability as used in a military situation, an 

explosion and how fragments are created, their initial velocity and angle of projection, how 

fragments move through the air and how they penetrate armour.  The chapter concludes with 

methods to estimate survivability and how to simulate explosion fragments and subsequently to 

calculate survivability. 

Chapter 4 – Contribution number 1 - the creation of fragments 

This chapter provides a fast alternative approach to construct realistically shaped explosion 

fragments for an exploding cylindrical warhead.  It also identifies the location of each fragment on 

the warhead’s casing.  The model is verified against an accurate model relating to the number and 

weight of fragments in a cylindrical explosion. 

Chapter 5 - Contribution number 2 - fragment initial fragment velocity 

This chapter improves the accuracy of a fragment’s initial, axial velocity.  An available two-

dimensional initial velocity equation is modified and improved using the conservation of energy and 

momentum laws of physics together with available experimental data. The resultant equation is 

verified against experimental data and an alternative initial velocity equation. 

Chapter 6 - Contribution number 3 - angle of projection of fragments 

This chapter improves the accuracy of a fragment’s initial, axial angle of projection. This is achieved 

by modifying the original equation developed in WW2, using available experimental data, the 

changing shape of the warhead’s casing, employing the physics of pressure, and finally including 

contribution 2 in the final result. The resultant equation is verified against experimental data and an 

alternative initial angle of projection equation. 

Chapter 7 – Contribution number 4 - simulation 

This chapter creates a computerised model of explosion fragments, incorporating the above three 

contributions.  The model includes the creation of fragments, their projection into the atmosphere, 

their trajectory in the atmosphere, hiting a target vehicle and then their movement inside the 

vehicle.  The results of the simulation provide a method to calculate survivability of a vehicle that is 

struck by explosion fragments.  

The simulation creates computerised witness plates which are verified against two FEA models 

witness plates. The FEA models’ witness plates are similar in appearance to the simulation’s witness 

plates, except the contribution’s witness plates have fewer hits, because small fragments are 

omitted in the model. 

Chapter 8 - Conclusion and future work. 
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Appendix 1 

This Appendix contains an original worked example, from Mott, to calculate the average width of 

fragments. 

Appendix 2 

This Appendix provides results of a simulation and its effect on the voxel space that defines part of a 

vehicle. 

Appendix 3 

This Appendix lists published papers relevant to this thesis. 
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3 Background  

The survivability of a vehicle exposed to explosion fragments is a complex area hence this chapter is 

split into the following seven sections: 

3.1 Survivability 

3.1.1 Introduction 

This section provides different definitions for survivability, how the value of survivability is 

calculated, what affects survivability and identifies some methods to increase survivability. 

3.1.2 What is survivability  

There are several different ways to define survivability.  According to the Oxford dictionary 

survivability is ”being able to survive” or “something that is not fatal”[4].  In a military environment a 

more focused definition is provided by Farlex[5].  This definition refers to the survival of personnel 

and vehicles which are considered to be very important.  A higher level of survivability means 

personnel will live and vehicles will be able to carry on with their mission.  

Gulie [3] defines survivability as the ability to avoid or withstand a hostile environment. He links 

survivability with vulnerability, or the inability to accomplish a mission, and susceptibility, or how a 

vehicle is exposed to an attack.  

Wolf  provides a mathematical description of vulnerability [6]. Although this work is for climate 

change there are similarities with the definition of military survivability. Mekdeci [7] looks at 

survivability for a system of systems which contains many components, such as a military vehicle.   

3.1.3 Different military definitions 

Within a department of defence there can be different ways to define survivability. Two 

departments of defence are considered; the United States of America (USA) Department of Defence 

(DoD) and the United Kingdom (UK) Ministry of Defence (MOD). 

3.1.3.1 USA department of defence 

The definition of survivability in the US Navy and US Air Force is: 

1. Survivability. This section provides different definitions used to define survivability, what 
affects its value and how survivability is used in this thesis,  

2. Explosions. This section explains what happens when an explosion is initiated and how it 
creates heat, pressure and fragments,  

3. Fragments.    This section considers the properties of explosion fragments, their size, shape 
and weight,  

4. Flight of fragments.  This section considers the effect of air and gravity on the flight of 
fragments, 

5. Penetration of fragments.  This section looks at how fragments penetrate armour and 
provides some mathematical equations for fragments penetrating armour,  

6. How to estimate survivability.  This section identifies methods used to estimate survivability, 
7. Simulate an explosion.  This section considers different methods to simulate an explosion 

and decides which method is selected for this thesis. 
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US Navy 

Survivability is the ability of a ship and its on-board systems to remain functional and continue a 

designated mission in a man-made hostile environment.[8].  Naval vessels are designed to operate in 

a man-made hostile environment, and therefore survivability is a feature that is required from them.  

US Air Force 

The American Institute of Aeronautics and Astronautics (AIAA) defines survivability of aircraft as the 

“the capability of an aircraft to avoid or withstand hostile environments, including both man-made 

and naturally occurring environments, such as lightning strikes, mid-air collisions, and crashes”[9].   

General US Department of Defence 

Hill  indicated that the US  DOD uses a hierarchal model to define survivability [10]. This hierarchy 

depends on different time intervals and is defined as: 

So, the same military vehicle can have different survivability values depending which model(s) is /are 

relevant.  

3.1.3.2 UK MOD 

Law [11] indicates that  in the United Kingdom’s MOD  survivability is defined by the  Defence 

Science and Technology Laboratory (DSTL) Technical Strategy document.  The definition has been 

adopted across all areas within DSTL and defines survivability as: “the ability to complete a mission 

successfully in the face of a hostile environment.”  Survivability is broken down into three elements; 

susceptibility, vulnerability and recoverability which are defined as follows: 

 

1. Speciality survivability.  Speciality survivability models are concerned with the engineering of 
components and have a time interval of minutes. This means that if a component fails it may 
have an immediate effect on the vehicle. 

2. Engagement survivability.  Engagement survivability models are involved with humans 
interfacing with the vehicle.  They have a time interval of minutes or hours. 

3. Mission survivability.  A mission survivability model is concerned with skirmishes and 
consists of a time interval of hours to days.   

4. Campaign survivability.   Campaign survivability models are concerned with a time interval of 
weeks to months.  

1. Susceptibility is the extent to which one’s own forces are likely to be found, targeted and hit 
by a weapon system deployed against them; 

2. Vulnerability is the consequence of being hit by an enemy’s weapon;  
3. Recoverability is the extent to which a vehicle’s mission capability can be restored following 

damage. 
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These elements are shown in the diagram in Figure 3-1: 

The above definitions suggest survivability is subdivided into several steps. The overall value of 

survivability is estimated using the probability of each step occurring. 

3.1.3.3 Subdivide the definition of survivability 

Lo and Au uses the US air force definition of survivability to define it for a vehicle in an attacking 

mode [12].   The steps are summarised in Figure 3-2.   

  

Figure 3-2 Phases of the dynamic targeting process (US Air Force 2006) [12]  

Figure 3-1 UK ministry of defence definition of survivability [11] 
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These steps are referred to as a Kill Chain and consist of:    

Similarly Bloye defines a Kill Chain as the sequence of events that must succeed in order to destroy a 

target [13] and Wheaton defines a stratified, layered approach similar to a Kill-Chain [14]. 

3.1.3.4 The “Be-Killed” chain 

This thesis is concerned with a military vehicle being attacked rather than attacking, so the Kill Chain 

process has been adapted to a “Be-Killed” chain process.  Some authors call this a Kill Chain but to 

denote that the military vehicle is being attacked, here it is referred to as a “Be-Killed” Chain.  This 

process is concerned with the sequence of events that would culminate in a vehicle being prevented 

from completing its mission.  Using similar steps as defined in the Kill Chain the steps are defined as: 

seen, under attack, vehicle hit, component hit, and component killed. The steps are shown 

diagrammatically in Figure 3-3.  Each of the steps are given a probability of successes or failure and 

the overall failure to kill the vehicle is the survivability (the product of the green probabilities).  

1. Find the target,  
2. Confirm it is the target (“Fix” in Lo’s definition),  
3. Track the target,  
4. Determine the options available (“Target” in Lo’s definition),  
5. Engage the target, and  
6. Assess what happened.   

Figure 3-3 Be-Killed chain 
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Figure 3-3 is not complete as a “Be-Killed” Chain because there may be other events that affect 

survivability, such as a warhead may automatically detonate, for example by pressure or movement.  

This means that Figure 3-3 may have to include additional branches to cater for such requirements 

and maybe even include decision boxes to bypass some branches.   

3.1.4 What affects survivability 

There are many things that affect the survivability of a vehicle.  The most common are the physical 

characteristics of the vehicle, which weapons are use in an attack, the chance of a component 

failure, the type of mission and the type of components in the vehicle.  Each of these are described 

below:  

3.1.4.1 Physical characteristics of the vehicle 

Some physical attributes that affect a vehicles survivability are: 

 

 

  

1. The speed of a vehicle.  Fast vehicles are harder to hit than slow vehicles, so speed can affect 
survivability.     

2. The size of a vehicle.  The size of a vehicle affects whether it can easily be seen and thus 
targeted and hit.   

3. Camouflage on a vehicle.  Camouflaged vehicles are harder to see, track and even to find. 
4. Vehicle armour.  If a vehicle has lots of armour it is better protected than a vehicle with little 

or no armour.  However, the armoured vehicle will be heavier, and this may affect its 
manoeuvrability and top speed. 

5. Vehicle able to defend itself.  Vehicles that can defend themselves or retaliate may be able 
to escape an attack. 

6. Vehicle linked to other vehicles.  Vehicles that are linked to other vehicles, for example by 
software, can help one another and may be able to continue with the mission even when 
some of them have been disabled. 

7. Position of components.  The position of components in a vehicle may affect the chance of 
the component being disabled if the vehicle is hit. 

8. Number of redundant components.  If a component is replicated several times to perform 
the same task there is a higher probability one version of the component will survive an 
attack.   

9. Intelligent vehicles.  Gerhart mentions that vehicle intelligence will help the vehicle to avoid 
being immobilised [15]. 
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3.1.4.2 Which weapons are used in an attack 

The following attributes of warheads can affect the impact they have on a target: 

3.1.4.3 The chance of a component failure 

Component failure can be caused by: 

3.1.4.4 The type of mission 

Hartmann indicates the meaning of “mission” is important in determining survivability because 

different missions can result in changes to  the probability of being attacked and being hit, and this 

affects the value of survivability [17]. In a ‘patrolling’ mission there is a low probability of being 

attacked whereas in a ‘combat’ mission the probability is higher.   So, although the definition is the 

same for different types of mission, the type of mission affects the value of survivability. 

The different types of missions are: 

1. The size of the warhead.  The bigger the warhead the more explosive it will contain and the 
greater the damage it could create. 

2. Accuracy of targeting.  If the enemy’s targeting of a vehicle is accurate then there is more 
chance that the vehicle is hit [16]. 

3. The greater the number of fragments created by the warhead the higher the probability the 
vehicle is hit. 

4. A warhead detonated close to the vehicle increases the chance the vehicle is affected by the 
weapon. 

5. The impact velocity of a warhead used in an attack can affect survivability. The higher the 
impact velocity of a projectile the higher the probability the projectile will penetrate the 
defence of the vehicle. 

1. A change in the force acting on the vehicle.  This can occur in many ways such as: 
a. A rapid acceleration. This puts extra strain on a component that can cause the 

component to fail. 
b. Continual vibration.  Vibration can cause a component to fail. 
c. Sustained shock.  For example, when the vehicle is travelling over uneven ground  

the shock can make a component fail. 
2. Excessive heat.  High temperatures can increase the possibility of failure of some 

components, especially electrical components. 
3. Manufacturing weaknesses.  There is always a probability a component will fail because of 

manufacturing limitations. 

1. Surveillance mission.  In a surveillance mission the vehicle will try to stay out of sight.  So, the 
probably of being attacked is comparatively low. 

2. Attack mission.  This is a high-risk mission with the possibility the enemy may respond and 
attack the attacker. 

3. Transport mission.  This mission will depend what is being transported and where it is 
required, either in the middle of a battlefield or somewhere more peaceful. 

4. Defensive mission.  This is probably a high-risk mission, similar to an attack mission. 
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3.1.4.5 The type of components in the vehicle 

Deshpande [18] set out the following diagram which gives an overview of components in a vehicle 

and the tasks they perform in Figure 3-4. 

There can be up to 10,000 components in a vehicle.  Generally, components performing the same 

function are linked together, usually hierarchically, as shown in Figure 3-5.   

  

Figure 3-4 Topology of components [18] 
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Figure 3-5 shows a simplified structure of a subset of components in a vehicle and indicates the 

hierarchy or dependency of components [19]: 

To know which components are linked together is important because if a component in a linked 

chain is disabled all the components in the chain may be affected.  It is also important to know 

“which of the components are critical to the success of the mission and which are not”.    

Not all components in a vehicle are critical to the success of the mission.   For example, if a 

component that indicates the temperature outside the vehicle is disabled, it may have minimal 

effect on the vehicle’s mission.  On the other hand, if a component that delivers fuel is disabled it 

probably will affect the vehicle’s mission.  The former component is known as a non-critical 

component and the latter component as a critical component. 

By only considering critical components, it becomes easier to determine if a mission is aborted. This 

is because there are fewer critical components in a vehicle and if a critical component is 

incapacitated the mission is assumed to be affected.  In this study only critical components are 

considered because they will have the largest impact on the mission and the ability of the vehicle to 

complete its mission.   

Figure 3-5 Proposed software components of a remote-control system [19]  
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A critical component can be made ineffective in different ways. Hartman set out the following  ways 

in which the kill probability of a component can be  estimated [17]: 

Although each of these options is useful, they can lead to complex models.   
 

3.1.5 Using survivability in this thesis 

In Section 3.1.4 the paragraphs indicate that quantifying survivability is not trivial.  There are many 

events that affect its overall value such as the vehicle’s physical attributes, whether there is 

component failure or the mission the vehicle is undertaking.  Additional branches can be added to 

the “Be-Killed“ chain, to cater for these requirements.  However, if the vehicle is surrounded by 

explosions and its fragments the branch of the “Be-Killed” chain that is most relevant to survivability 

is the branch “what is the probability an important component is hit”.   

In this work the “what is the probability an important component is hit” is extended to “what is the 

probability any part of the vehicle is hit”.  The vehicle’s volume is subdivided into cubes and the 

probability a cube is hit is calculated. Components are located in one or more cubes.  

By calculating the probabilities cubes are hit, it is possible to optimise the location of components.  

Components that can be relocated can be moved to a less dangerous location, with a lower 

probability, and components that cannot be moved, but are in a dangerous location, can be 

protected or perhaps multiple copies of the component can be provided. 

3.1.6 Summary 

This section provides different definitions for survivability, looks at what affects survivability and 

how survivability is used in this thesis. 

3.2 Explosions 

3.2.1 Introduction 

This section summarises what is an explosion and identifies the most common types of warhead 

used to create an explosion. There is a brief history about explosives including facts about a common 

and well know explosive, TNT.  The section concludes with a summary of the three main products of 

an explosion heat, pressure and fragments.  

3.2.2 Explosives 

3.2.2.1 Explosion definitions and weapons 

An explosion is created by the fast release of a material’s chemical energy. This is achieved by a 

physical change, such as an increase in temperature or pressure, or by creating a nuclear reaction, 

such as forcing an element to fuse or decay.  In a conflict, explosions created by the release of 

1. A component is hit by more than n fragments, where n is the integer at which the 
component becomes defective.  n is called the critical number.   The problem is to determine 
the value of n. 

2. Using fuzzy logic where n satisfies n1<n<n2 and n is the number of fragments hitting the 
component. Where n is an integer between n1 and n2.   Again, the problem is to determine 
both n1 and n2. 

3. Using penetration capacity limits. Again, these limits need to be defined. 
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chemical energy, are the most important and are used to attack humans and vehicles, so are 

selected in this thesis.  

A material whose chemical energy can be released quickly to produce a large volume of expanding 

gases is called an explosive charge. If an explosive charge releases its chemical energy at a subsonic 

speed the explosive charge is referred to as a “low explosive charge” and the activation of the 

explosive charge is known as deflagration.  Examples of low explosive charges are gunpowder, 

propane and fireworks.  If the release of energy is supersonic, the explosive charge is referred to as a 

“high explosive charge” and the activation of the explosive charge is known as detonation.  Examples 

of high explosive charges are TNT, Dynamite and Nitro-Glycerine.  Stable high explosive charges are 

used in weapons such as missiles, bombs, Improvised Explosive Device (IED) and land mines. 

Examples of these weapons are shown in Figure 3-6. 

Each of these weapons are designed to injure or kill people and/or to disable vehicles. 

3.2.2.2 Characteristics of high explosive weapons 

High explosive charge weapons are mainly cylindrical, sometimes with an ogive shaped nose, as 

shown for missiles and bombs, in Figure 3-6. Also, the weapon may contain fins as shown in the 

missile picture. This thesis assumes warheads are cylindrical, with closed ends, with the same 

thickness of casing throughout the warhead which contains a high explosive charge.  

3.2.2.3 High explosive charge 

Dynamite, invented in the 1860s by Alfred Nobel, was the first high explosive, that could be handled 

safely.   From this discovery, Nobel and other researchers, invented several other explosives and 

detonators. In WW1 Trinitrotoluene, or as it is more commonly known, TNT was first used by the 

German army [20].  It is a whitish to yellowish compound with the formula C7H5N3O6.   

TNT is a very powerful explosive and is the explosive against which other explosives are compared. 

With a melting point of about 80oC [21] and being chemically stable, it is very easy to store and 

Figure 3-6 Various weapons 
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transport and can be melted easily and poured into a container.  When it releases its energy, there is 

a very violent exothermic reaction producing a great deal of heat and gas.     

Detailed papers written about TNT and additional information can be found in the Globalsecurity 

web site[22].  

3.2.2.4 Detonators 

High explosive charges require a detonator to activate the explosive. Detonators can be electrical, 

mechanical or chemical.  With TNT, the detonator has to subject TNT to either a high pressure or a 

temperature greater than 500o Celsius. The common military detonator for TNT is a chemical 

mixture of Lead Azide, Lead Styphnate and Aluminium [23].   

The position of the detonator in the warhead affects how the explosive charge expands the 

warheads casing, which eventually forms the explosion and many fragments.  This can be seen in 

detonators located in the centre of the warhead and detonators located at one end of the warhead 

[24].  Figure 3-7 shows the fragment distributions for end and centre detonated warheads.  Only end 

detonated warheads are considered in this thesis because they are more commonly used in military 

warheads. 

3.2.3 Energy created in an explosion 

The rate at which chemical energy is released by a high explosive charge is vital in an explosion. 

Table 3-1 compares how 1kg of TNT and coal releases its energy.  Although coal has a higher 

available amount of energy TNT releases energy more quickly and during the 10µsec detonation 

period the 1kg of TNT generates about as many kilowatts of power generated by all the UK’s power 

stations [25]. 

 

 

Figure 3-7 Experimental data to show the difference in 
fragment distribution for two types of detonation [24] 
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Table 3-1 Comparison of TNT with Coal [25] 

  1kg Coal 1kg TNT 

Energy available 24MJ 4MJ 

Time to release energy 2,000sec 10µsec 

Power source 12kW 400,000kW 

 
The rapid release of energy in an explosion creates a vast quantity of heat and gases which quickly 
creates very high pressures [26]. Equation 3.1, provided by the UN, gives the amount of detonation 
pressure created by an explosive as:  
 

𝑃𝑑𝑒𝑡 = 2.5 ∗ 𝑉𝑑 ∗
𝜌

0.0000001
 (3.1) 

Where 𝑃det is the detonation pressure, which is a measure of the energy in the shock wave 
(measured in Giga Pascals GPa) [27], 𝑉𝑑 is the detonation velocity of the explosive charge and 𝜌 is 
the density of the explosive charge.  Values of some detonation velocities, for high explosive 
charges,  are set out in Table 3-2 [20].  

Table 3-2 Explosives and their detonation velocities [20] 

Explosive Amatol Composition C-4 Composition B HMX Pentolite PETN RDX Tetrytol 
(20% TNT) 

Tetryl TNT 

Detonation 
velocity 
metres/sec 

6,430 800 7,840 9,124 7,465 8,300 8,180 7,385 7,850 6,825 

 
Equation 3.1 and Table 3-2 indicates that a high explosive charge creates a large amount of 
detonation pressure which is the main process through which the explosion affects its casing.    

3.2.4 Products of an explosion 

The three main products of an explosion are pressure, heat and fragments. 
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3.2.4.1 Pressure 

The pressure created by an explosive charge forms a blast (or shock) wave, as the gases escape the 

warhead’s casing. The maximum velocity of  blast waves have been measured by Dewey at about 1.5 

MACH [28], roughly forming a sphere.  It is the blast wave that produces the loud “bang” of the 

explosion.  Pressure in blast waves very quickly diminishes in value and so is destructive over a 

relatively small distance.  Figure 3-8 shows how the shock waves quickly reduce in intensity for 

different amounts of TNT.  This assumes the shock waves do not interact with buildings or vehicles. 

[29]  

Figure 3-9 shows how the pressure evolves in an explosion [30].  The initial “instantaneous” increase 

in pressure is followed by a decrease which then develops into a pressure less than the ambient 

pressure. The equation of pressure verses time is known as the Friedlander equation which is often 

Figure 3-8 Peak overpressure at distances from explosion [29] 

Figure 3-9 Friedlander wave form [30] 
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used to describe the blast overpressure when the blast wave has fully developed (i.e., at a distance 

away from the detonated charge).   Stewart  describes how the Friedlander equation changes with 

time and indicates when the equation is accurate or inaccurate, according to experimental data [31]. 

3.2.4.2 Heat 

For a TNT explosion the Kinetic Energy of the explosive charge increases by approximately 167 times 

and the  temperature created by the explosion is high, in the low thousands of degrees Celsius [32]. 

McNesby plotted a graph that shows the size of a fireball against time for a 2kg TNT explosion.  The 

maximum size of the fireball is about 2.5 to 3 metres, as shown in Figure 3-10 [26] .This is small 

compared with the distance travelled by a pressure wave. 

3.2.5 Fragments 

In an explosion the quick release of energy creates a fireball, gases and high pressure. Figure 3-11 

shows a shock wave and a heat ball created by an explosion [33]. 

Figure 3-10 Measured shock and fireball range for a 2kg TNT charge [26] 
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The gases under high pressure create a shock wave which together with the fireball forces the casing 

of the explosive to expand and eventually to fracture, producing fragments.  The shock wave 

diminishes quickly and has a negligible effect on the flight of fast-moving fragments [34]. Figure 3-12 

shows an explosion and the production of many fragments, from the casing. 

  

Figure 3-11  An explosion showing the shock wave and heat ball [33] 

 

Figure 3-12 An explosion showing fragmentation [34] 
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Figure 3-12 and Figure 3-13 provide photographic evidence that many fragments are created in a 

cylindrical explosion [35].  Fragments travel further than either pressure waves or heat balls and 

cause a great deal of damage. So, in this thesis, explosion fragments are the only product that is 

investigated. 

3.2.6 Summary 

The detonation of a high explosive charge leads to the release of a great deal of energy.  This results 

in the creation of a shock wave, heat which forces the casing of the warhead to expand and 

eventually to fracture, creating fragments. 

3.3 Fragments 

3.3.1 Introduction 

This section describes how fragments are formed, how many are created in an explosion, their 

dimensions, their initial velocity of projection and their initial angle of projection. 

3.3.2 How fragments are formed 

3.3.2.1 Stress and strain 

The increase in pressure within the warhead forces the metallic casing to expand. Stress is the force 

per unit area applied to a metal and strain is the change in size, when compared to its original size, 

due to stress. The typical shape of the stress to strain graph for steel is shown in Figure 3-14.  From 

the origin of the graph the metal undergoes elastic expansion which is reversible and the graph of 

stress to strain is linear.  At the end of elastic expansion, the metal becomes plasticised and an 

increase in stress leads to an increase in strain.  At the point of ultimate tensile strength, the strain 

increases whilst the stress decreases, until the metal fractures.  

Although the shape of the curve in  Figure 3-14 is typical for stress versus strain for steel, Mott 

indicated that, in an explosion, a ductile steel case is subjected to plastic expansion, by as much as 

Figure 3-13 Creation of fragments [35] 
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50% before the casing breaks.  This means the value 10 percent in Figure 3-14 is too small in an 

explosion. 

For explosions there are several equations linking stress and strain and ultimately when the fractures 

occur.  However, given the material used in a warhead’s casing, its thickness and the type of 

explosive charge no papers have been discovered for the position of fractures on the casing.     

Figure 3-14 Stress to strain for steel 
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3.3.2.2 A random distribution 

Mott assumed fractures on a warhead’s casing occur randomly.  For this he used Lineau’s model 

[36].  Mott analysed the creation of fragments in an explosion and thought the casing expands at a 

constant strain rate of u/r where u is the radial expansion velocity of the casing and r is the radius 

when the casing begins to fragment, as shown in Figure 3-15 [37].   

In Mott’s model, as the casing expands fractures are formed in the circular part of the metal 

cylinder.  The fracture reduces stress at the fracture and on either side of the fracture part of the 

circumference becomes stress free. As the casing expands the stress-free areas spread at a finite 

speed.  Eventually additional fractures occur, together with more stress-free areas on either side of 

the fractures. These steps continue until the complete circumference contains only fractures and 

stress-free areas, which becomes the fragments.  The increase of a stress-free areas is referred to as 

a Mott wave.   

The creation of circumferential fragments is extended by researchers such as Gardner into 

longitudinal strips parallel to the axis of the cylinder [38]. These strips then fracture into fragments 

and some of the fractured fragments are long, finger-like projectiles which can be very damaging 

and have similar impact as long-rod penetrators.  

Simulations are not an ideal method to determine how explosive cylindrical casings expand.  

However, providing the simulations obey the laws of physics, for the casing and the explosive, they 

can provide a possible indication. In Figure 3-16 Kong’s simulation gives an example of an exploding 

cylindrical warhead and shows the longitudinal strips [39]. This figure shows the expansion and 

rupture of the metallic casing at different times.  For each of the images the size of the expanding 

casing is shown in mm and images are reduced to fit the frame as the simulation progresses.  

Figure 3-15 The one-dimensional Mott Circle [37] 
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3.3.2.3 Different types of fracture 

Mott observed that the ruptures in the casing of a ductile material consist of two types of fracture.  

One type consists of a shear rupture on the inside of the casing at an angle of about 45 degrees to 

the tangent of the casing and the second type is a shear rupture followed by a brittle crack to the 

outside surface [40].  Figure 3-17 shows these cracks.  Picture (a) shows a shear fracture at an angle 

of approximately 45 degrees to the circumference of the casing picture (b) shows a combination of a 

shear fracture and a brittle crack.  

Figure 3-17 Types of fractures in a bomb casing [40] 

Figure 3-16 The breakup of a cylinder in an explosion [39] 
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In Figure 3-18 Carlucci shows how fragments are formed in a ductile material, a partially ductile 

material and in a brittle material [41].   Carlucci’s observations are similar to Mott’s observations i.e. 

there are shear and/or brittle cracks that form fragments. 

3.3.3 Thin and thick cased cylinders 

Mott examined the largest fragments of thin cased cylindrical warheads and observed that two 

surfaces of fragments corresponded to the inner and outer surfaces of the original warhead’s casing.  

In an explosion, as the casing is expanding the thickness of the cylinder’s casing is stretched and so 

decreases in thickness.    Figure 3-19(a) shows diagrams provided, by Mock, of fragments from a thin 

and thick cased steel cylinder warhead[42].   

A thin cased cylinder is one where  C/M < 2 where C is the mass of the explosive charge  and M is the 

mass of the casing [24].   

The advantage of having a thin cased cylinder is that a two-dimensional (2D) model can be used to 

estimate the distribution of fragments [43].  This is because many fragments have the same 

thickness as the thickness of the casing, so the unrolled casing effectively becomes a rectangle (two 

dimensions).   

Figure 3-19 Classification schemes for fragment type resulting from explosion; (a) Thin cased 
warhead ; (b) Thick cased warhead [42] 

 

Figure 3-18 Fragments formed in three different types of material [41] 
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The end shape of many fragments is shown in fragments 1 to 4 of Figure 3-19(a).  The small fragment 

(fragment 5) does not have an appreciable impact on the overall equation defining the distribution 

of fragments as the total weight of these small fragments is insignificant compared to the weight of 

“normal” fragments.  So, a two-dimensional model is accurate for the majority of fragments.   

In a thick cased warhead several large fragments have a thickness less than the thickness of the 

casing as shown in Figure 3-19(b)  [42].  This means that a three-dimensional equation for the 

distribution and number of fragments is required.   

As most cylindrical warheads are “thin” cased, using the two-dimensional equation and selecting the 

largest fragments provides a reasonably accurate result. Also, in a thin cased warhead the 45 

degrees shear ruptures become less relevant. This thesis only considers thin cased cylinders. 

3.3.4 Fragments in a thin casing 

Different equations have been developed to calculate the distribution of fragments weight to the 

number of fragments for both brittle and ductile cases. These types of  casings are compared by 

Tanapornaweekit and Kulsirikasem who indicate that brittle cases create more fragments, but with 

less average fragment mass [44].   

3.3.4.1 A brittle casing 

For brittle casings a sieving technique is usually used to estimate the distribution of fragments, 

separating the fragments into different size ranges. The resultant plot of the mass of the fragments 

against the number of fragments is referred to as the Schumann plot[45].  The Schumann plot is 

usually linear or near linear.   

3.3.4.2 A ductile casing 

More extensive research has been undertaken for ductile casing because most warheads have a 

ductile casing and on average in ductile casings larger fragments are produced.  For these reasons 

only ductile cases are included in this thesis. 

3.3.5 Mott’s equation to determine the distribution of fragments 

Early work to determine the distribution of fragments was first provided by Mott during WW2[37].  

For a cylindrical explosion, he created an equation to calculate the expected number of fragments 

against their weight. As discussed in 3.3.2 above, this work was based on the work of Lineau who 

calculated the fracturing of a one-dimensional body due to external forces [36].   

Mott developed this into a two-dimensional formula from his observations that the length of 

fragments was proportional to 𝑚1/2 where m is the mass of a fragment.  Using this information, he 

estimated the number of fragments, created in a cylindrical explosion, with mass between M and M 

+ dM is shown in Equation 3.2.   

𝐵 exp(−𝑀/𝑀𝐴) 𝑑𝑀 𝑤ℎ𝑒𝑟𝑒 𝑀 = 𝑚
1

2 and 

𝑀𝐴 = 𝐵𝑚𝑡
5
6𝑑

1
3(1 + 𝑡 𝑑⁄ ) 

(3.2) 

 

Where  𝑀𝐴  is the fragment size parameter, 𝐵𝑚 and 𝐵 are constants, M is the mass of the casing, t is 

the thickness of the casing and d is the inner diameter of the casing. 
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𝐵𝑚 is called Mott’s constant [46].  Table 3-3, taken from Needham’s book “Blastwaves”, gives the 

value of 𝐵𝑚 for various explosives [46], expressed in original Imperial units and converted SI units: 

Table 3-3 The value for Mott’s constant for some explosives [46] 

Explosive 

Name 

Composition 

A-3 

Composition 

B 
Cyclotol H-6 Pentolite RDX Tetryl TNT 

Motts 

constant Bm 

lb1/2/ft7/6 

0.997 1.006 0.895 1.253 1.126 0.964 1.237 1.415 

Mott’s 

constant 

converted to 

SI units  

kg1/2/m7/6 

2.685 2.710 2.411 3.375 3.033 2.597 3.332 3.811 

 

Mott provided an investigation into the value of the power of 𝑚 (set to ½ in Equation 3.2) and 

provided a range of values between one half and one third.   However, many people still use the 

original value, equal to one half.  Mott’s derived equation, used by several authors, is set out as 

Equations 3.3 and 3.4: 

𝑁(𝑚) = 𝑁0 exp (−(𝑚 𝑚0
2⁄ )

1
2) 

 
(3.3) 

  

Where 𝑁(𝑚) is the number of fragments with a mass greater than m,  𝑁0 is the total number of 

fragments created by the warhead, for a thin cased warhead 

with 𝑁0 = 𝑀 2𝑚0
2⁄   and 2𝑚0

2  is the average fragment mass (3.4) 
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3.3.5.1 The accuracy of Mott’s equation 

Elek [43] provided research from various authors to graphically represent the distribution of 

fragment mass to the number of fragments. Figure 3-20 displays the result of the Mott distribution, 

the generalised Mott distribution, which caters for 3D explosions, and experimental results.  Figure 

3-20 shows the Mott distribution is a good approximation for experimental data.   A paper from Gold 

also agrees with this conclusion [47]. 

3.3.5.2 The weight of the largest and smallest fragments  

The equations for the mass of the largest and smallest fragments can be derived from Mott’s 

equation and are shown in Equations 3.5 and 3.6. 

𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡(𝑚) = 𝑀𝐴
2 [𝐿𝑛 (

1

𝑁0
)]

2

 
 
(3.5) 

𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡(𝑚) = 𝑀𝐴
2 [𝐿𝑛 (

𝑁0 − 1

𝑁0
)]

2

 
 
(3.6) 

3.3.5.3 Problems with Mott’s equation 

Although Motts equation is considered to be accurate it also has several deficiencies: 

Figure 3-20 Comparison of Mott distribution and experimental data [43] 
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Some of these deficiencies are addressed in this thesis. 

3.3.6 Some other equations to determine the distribution of fragments 

Several researchers have made adjustments to the original Mott equation and a good summary of 

some of the changes can be found in papers by Elek [43], Victor [24] and Hokanson [48].  For 

example, Hokanson mentions formulas to calculate the average fragment mass (a variable in the 

equation to calculate the number of fragments) attributed to Mott, Lindemann, Weiss and Gurney 

and Sarmousakis [48].  There are also formulas to calculate the number of fragments attributed to 

Mott and Porsal.  These works include providing alternative equations for the value of MA and 

different distributions to describe the mass of fragments.  

Sternberg [49] has a  formula similar to Mott’s.  Stromsoe [50] also uses a formula  that uses the 

Mott equation for the average fragment size. 

Mott’s equation has been presented (sometimes in a slightly different format) by a number of 

different authors including Cohen [51]. 

Many of these formulae have a small variation of Mott’s formula but rarely are they compared with 

experimental data.   

  

1. The number of small fragments is over estimated. 
2. The number of large fragments is underestimated. 
3. The equation does not consider the shape of fragments and to simplify some formulae many 

researchers, assume that the shapes of created fragments are spheres or cubes. 
4. The equation does not indicate where fragments are formed on the casing.  Experimental 

results show that a larger percentage of large fragments are created in the half of the 
warhead furthest away from the detonation end plate. 
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3.3.7 Properties of fragments 

3.3.7.1 Average size 

Mott investigated material toughness and the average size of fragments to deliver equations to 

calculate  𝑥0,  𝑦0  and 𝑟0 , where 𝑥0 is the average width of a fragment,  𝑦0  is the average length of a 

fragment and 𝑟0 is the average length of a fragment divided by its average width. 

The equations are shown in Equations 3.7, 3.8 and 3.9.  

𝑥0 = (
√12𝐾𝑡

𝜌𝑐휀�̇�
)

2
3

 

 
(3.7) 

𝑦0 = (
√12𝐾𝑡

𝜌𝑐휀�̇�
)

2
3

 

 
(3.8) 

𝑟0 = (
휀�̇�

휀�̇�
)

−
2
3

 

 
(3.9) 

 

Where Kt is the casing fragment’s toughness, 휀 is the fragment strain in the direction of either x or y,  

𝜌 is the density of the fragment and 𝑐 is the elastic wave speed.  Unfortunately, some of the 

variables are difficult to estimate. 

3.3.7.2 Width 

Victor outlined Sewell’s “rule of thumb” for the number of initial fracture sites.  For a steel casing 

this gave the number of fractures equal to 22.8.[24] 

Mott developed a formula to calculate the size of a circumferential fragment, shown in Equation 

3.10 [40]. 

𝑆 = (
1.69

휀̇
) (

2𝑌

𝜌𝛾
)

1/2

 (3.10) 

Where S is the fragment size, 휀 is the circumferential plastic strain, Y is the yield stress, 𝜌 is the 

density and 𝛾 is a parameter that characterises the flaw caused variation of strain to failure (a value 

between 25 and 100). 

Mott also provided an alternative formula for the width of a fragment:  

𝐿0 =  (2𝑃𝐹/𝜌𝛾)1/2 ∗ 𝑟/𝑣    (3.11) 
  

Where 𝐿0  is the fragment size that is proportional to the average fragment width, 𝑃𝐹  is the flow 

stress in tension at the moment of fracture, 𝜌 is the density and 𝛾 is a parameter that characterises 

the flaw caused variation of strain to failure  r is the radius of the casing and v is its velocity, both at 

the moment of fracture. 

Curran said this equation has been used and correctly identifies the key fragmentation mechanisms 

[52].   
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Using his equation Mott manually created a histogram to determine the distribution of width 

fragments.  To do this he drew a straight line to represent the length of the warhead’s 

circumference. A random fracture on the straight line was then added.  He then calculated the 

stress-free zones surrounding the fracture using Equation 3.11.  A full description of Mott’s 

calculation is provided in his Royal Society paper [40] 

Another random fracture on the straight line was then added, excluding the stress-free zones.  The 

stress-free zone for the second fracture was calculated and added to the line and the stress-free 

zone for the first fracture updated. This task was performed many times until the line (the 

circumference of the cylindrical warhead) contained only fractures and stress-free zones. The stress-

free zones are the fragments. 

Mott then plotted the density distribution and complementary cumulative distribution functions, 

shown in Figure 3-21. The variable 𝐿 represents the length of the circumferential fragment and 𝐿0 is 

the normalised length, which is identified in Equation 3.11.  

Mott created a numerical example to calculate the value of 𝐿0.  He assumed the warhead has a 

diameter of 3 inches and the radius of the warhead would increase to 2 inches as the warhead 

fragments.  He set the wall thickness such that the velocity of the fragments was 2,000 feet/sec.  The 

steel case was assumed to have a density of 480 lb/cubic inch and a flow stress in the work 

hardened state of 50 tons/square inch. The complete example, taken from his paper, is shown in 

Appendix 1. 

Using this information and Equation 3.11 he calculated 𝐿0 = 1.6/√𝛾 

If y ~ 100, the average fragment width is about 0.24 in. Mott quoted a density of steel of 480 

lb/cubic inch.  This should be 480 lb/cubic foot.  Even with this change the result provided by Mott 

cannot be verified in this thesis. 

From the histogram Mott showed the average fragment length is close to 1.5𝐿0.  Later he estimated 

that the average fragment length was √𝜋𝐿0 or about 1.7𝐿0 [37]. 

Figure 3-21 Mott’s histogram and complementary cumulative distribution [37] 
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Wesenberg used the same technique as Mott and manually calculated and plotted a distribution for 

circumferential fractures for 10, 100 and 1000 rings breaking up  [53]. He manually calculated the 

distribution because fractures are generated randomly, which means the distribution cannot be 

determined analytically.  His work shows that on average about 20 circumferential fractures are 

created for cylinders made from 6061-T6 Aluminium. Although Aluminium is weaker than steel the 

distribution is similar to the one created by Mott. 

Elek evolved the early work by Mott using the formula for the value of 𝐿0 to show that 

𝐿0 =  0.11
𝜎𝐹

√𝜌𝜎𝑝

(1 + 휀𝐹)3 2⁄ 𝑅

𝑣𝐺

√(
1

2
+

𝜌2𝛿

𝜌𝑒𝑅
) (3.12) 

 
 

 

Where R is the initial radius of the casing, 𝑣𝐺 is the value Gurney provided for the velocity of a 

fragment of the explosive, 𝜌𝑒is the density of the explosive, 𝜎𝐹 and 휀𝐹 are the true fracture stress 

and strain, 𝛿  is the thickness of the casing,   𝜌 is the density of the casing, for steel this is 

about 8𝑔𝑐𝑚3 , 𝜎𝑃 is strain hardening of the material.  Using the values for steel 𝜎𝐹 = 800𝑀𝑃𝑎,   

휀𝐹 = .63,  𝜎𝑃 = 450𝑀𝑃𝑎, the strain rate ( similar for most cases),   휀̇ = v/r = 104𝑠−1 , 𝜌 =

8000𝐾𝑚3, 𝜌𝑒 =  1.65𝑔𝑐𝑚3 for TNT, R  the initial radius of the ring circumference is equal to  20𝐿0. 

The equation in Elek’s paper identifies the following results which were also recorded in Mott’s 

earlier paper: 

Elek’s equation also identifies that the average fragment width is proportional to the expression 

(𝜎𝐹/ √𝜌𝜎𝑃) ∗ (1 + 휀𝐹)3 2⁄ .  This means that higher values of the fracture stress and corresponding 

strain increases the fragment length, whereas increasing density and the parameter 𝜎𝑃 (which 

defines the strain-hardening of material) leads to a decrease in the average fragment size. 

Elek showed that if the value of 20, in Mott’s equation, is changed to 10, 30 or 50, there was little 

difference in the shape and values of the histogram [54].  The histograms also followed experimental 

results reasonably well.   

3.3.7.3 Length and aspect ratio 

Victor noted that, after detonation naturally fragmenting warheads initially fracture into long axial 

bands [24].  i.e. the circumferential fragments become the long axial bands that then fragment. 

The ratio of a fragment’s width to its length is referred to as the fragment’s aspect ratio which has 

been investigated by several authors, including Mott, Grady [55] and Goto [56].  Unfortunately, 

equations to calculate a fragment’s aspect ratio are complex and depend on variables that can 

include experimental values.   Also, different authors provide differences in the range of the 

1. The width of most fragments occurs in the interval [𝐿0,2𝐿0]; 

2. The average fragment width is close to the value 1.5𝐿0; 
3. As the parameter 𝐿0is proportional to the ring radius r, the average fragment size will be 

proportional to r; 
4. The average fragment width is inversely proportional to the fragment velocity. 
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estimated aspect ratios. This may be caused by some authors not including many small fragments, 

using different sized and shaped casings and different explosives. 

Curran calculated the estimated aspect ratio of fragments is between 1:1 and 1:4 [52].  This work 

was based on experimentation work and the work of Mott and other researchers.    

Goto mentions that the aspect ratio of fragments is in the order of 1:4 or 1:5, with the average 

fragment length about 16mm and fragment widths typically a few mm [56].   

Grady calculated an average aspect ratio of about 1:1.5.  He also identified a graphical aspect ratio 

distribution of fragments, developed by Mott, and shown in Figure 3-22.  Mott assumed that the 

length and width of fragments was greater than the thickness of the casing and the aspect ratio 

depends on the detonation and the case geometry.  Mott estimated the ratio of the width of a 

fragment to its length to be about 1:5  [37]. 

Using statistic fragmentation theory Mott estimated the average length of a fragment is 

approximately 1.1 cm [37].   

3.3.7.4 Shape of fragments 

There is limited information about the shape of fragments. However, Gardner did produce a 

photograph of all the collected fragments for an explosion [38]. This photograph is shown in Figure 

3-23 and shows the shape of all the collected fragments for a 155mm warhead, arranged from small 

to large fragments.  The photograph probably omits very small dust fragments but contains most if 

not all larger fragments.   

Figure 3-22 Mott’s distribution for the aspect ratio 
divided by the average aspect ratio [37] 
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The ratio of the length to the width of the 155mm shell shown in the photograph corresponds to the 

actual length and width of the shell, so the fragment photographs are an accurate representation of 

the physical fragments.  The photograph shows that the larger fragments have a length greater than 

the fragment’s width [38].  

In Figure 3-24 Hiroe’s photograph shows similar shaped fragments to Gardner’s  [57].  This 

photograph shows many fragments are several times longer than they are wide. 

Figure 3-24 Fragments from a 
smooth walled cylinder filled 

with PETN [57] 

Figure 3-23 Shape of fragments from a 155mm shell 
[38] 
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Reynolds also provides a detailed photograph of a small number of fragments in Figure 3-25 [58]. 

 

Catovic also provides detailed analysis on the shape of fragments created by an explosion and Figure 

3-26  shows photographs of a small number of actual fragments formed from a casing [59]. 

 

3.3.7.5 Origin of fragments on a casing 

There is little literature of the origin of fragments on a warhead’s casing.   

A number of researchers, including Arnold and Rottenkolber [60] , Kong [39] and Cohen [51] indicate 

for an end detonated warhead, the largest fragments are found beyond the mid-point of the 

warhead, furthest from the detonation. 

There is also evidence from Nyström [61] that when a bomb forms fragments: 

Figure 3-25 Some fragment photographs provided by Reynolds [58] 

Figure 3-26 Larger pictures of photographs of real fragments [59] 
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“the nose and the tail section of the bomb will break up in a smaller number of massive fragments 

and the body will fracture into many small fragments”. 

Gardner indicated that larger fragments are found near the non-detonation end plate [38] 

Mott looked at the distribution of fragments, used by Lineau, which depends on the Poisson 

distribution [36].  He developed six two-dimensional figures, modelling how fragments are formed 

on the surface of a cylindrical warhead (see Figure 3-27).  In this diagram the cylinder is unfurled to 

form a two-dimensional rectangle.  Unfortunately, he could not provide a suitable, converging 

distribution for any of the figures.  

3.3.8 Initial velocity of cylindrical fragments 

3.3.8.1 Experimental data 

In Figure 3-28 experimental data from Karpp [62], Charron [63] and Grisaro [64]  shows the velocity 

of fragments along the length of a warhead. 

 

3.3.8.2 Gurney’s equation to calculate the initial velocity of fragments 

In his early work Gurney created equations to calculate the initial velocity of fragments formed from 

an explosion [65].  His equations covered spherical, symmetrical cylindrical and sandwich shaped 

Figure 3-27 Motts possible partitioning of the warhead’s casing [37] 

0.9

1.1

1.3

1.5

1.7

1.9

2.1

2.3

0 0.2 0.4 0.6 0.8 1 1.2

V
el

o
ci

ty
 (

m
m

/µ
se

c)

X/L Distance from detonation / Length of warhead

Karpp experimental
data

Charron
experimental data

Grisario
experimental data

Figure 3-28 Experimental fragment velocity along warheads 



Page 38 

 

casings and are based on the physical laws of conservation of energy and momentum. Each equation 

also includes a constant that depends on the initial shape of the warhead (0.5 for a cylindrical 

warhead).  The initial velocity of fragments in a symmetrical cylindrical warhead is given by:  

𝑉 = √2𝐸((𝑀/𝐶) + 0.5)−1/2 (3.13) 

Where 𝑉 is the initial velocity, √2𝐸 is a constant that depends on the explosive material (referred to 

as the Gurney constant), 𝑀 is the mass of the metal casing and 𝐶 is the mass of the explosive 

material.  

To determine the value of the Gurney constant √2𝐸  accurate experimental data is required.  This 

data has already been collected for many explosives and Cooper [66], Koch [67] and Chen [68] have 

developed analytical formulae to approximate the value of √2𝐸 for all explosives, including new  

 

explosives. The values of √2𝐸  for various explosives are shown in Table 3-4.  This thesis will assume 

the value of √2𝐸 is known. 

In developing the equation for the initial velocity of fragments of a cylindrical casing Gurney made a 

number of assumptions: 

 

 

  

1. The cylindrical casing has no end plates; i.e. Gurney’s equation was for a warhead of infinite 
length.   

2. An infinite length warhead means that the shape of the cylinder does not change. 
3. He constructed his equation using the conservation of energy and momentum and 

disregarded the energy required to fragment the casing. All the energy produced by the 
explosion either provided kinetic energy to the fragments or to the gases created by the 
explosion. 

4. The thickness of the cylindrical casing is constant for the whole of the warhead. 
5. The densities of the explosive charge and the casing are constant for the warhead. 
6. The explosive material contains no voids.  
7. The detonation is initiated along the axis of the cylinder.  

Explosive Composition B Cyclotol 75/25 HMX Octol 75/25 PBX 9404 PETN RDX Tetryl TNT

mm/μsec 2.7 2.79 2.97 2.8 2.9 2.93 2.83 2.5 2.44
2𝐸

Table 3-4 The value of  √𝟐𝑬  for some explosives 
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Weaknesses of the Gurney equation are: 

Even with the assumptions and weaknesses of the Gurney equation it is still being used today as a 

good first step approximation [10] and [69].  

3.3.8.3 Lloyd’s improvement to the Gurney equation 

Gardner indicated the following equation, created by Lloyd, was more accurate than the original  

Gurney equation and catered for a finite length casing [38].  In Equation 3.14 Lloyd assumes that the 

force exerted by the explosion on the cylinder’s end plates and the main body of the cylinder 

depends on their respective surface areas. He also assumes the pressure on all surfaces was the 

same.  

𝑉/√2𝐸 = √(𝐶/𝑀)/(1 + 𝐷/2𝐿)(1 + 𝐶/2𝑀) (3.14) 

 

Where D is the diameter of the cylinder and L is the length of the warhead.  Gardner’s equation gives 

a value less than the value calculated using Gurney’s equation and as with Gurney’s initial velocity 

equation all fragments have the same initial velocity. 

3.3.8.4 Other equations to calculate the initial velocity of cylindrical fragments 

Mott was one of the first researchers to observe the velocity of the warhead’s casing at the time of 

fracture.  He indicated this velocity is almost equal to the velocity the fragments are projected. 

Unfortunately, it is difficult to estimate the velocity of a casing at the time of fracture. 

Several authors including Charron [63], Victor [24], Kennedy [70, 71], Choi et al [63, 72, 73] and 

Pearson[69]  considered how the ratio of the mass of the explosive charge  to the mass of the casing 

(𝐶/𝑀) affects the accuracy of Equation 3.13. As indicated above originally the range of 𝐶/𝑀 was 

thought to be between 0.3 and 5.6.  In verifying this range Boyd indicates that the ratio of 𝐶/𝑀 was 

about 0.3 for several general purpose WW2 bombs [74].  In modern bombs Baskin [75] and Dearden 

[76] indicate fragmenting bombs have a low explosive to casing ratio ( i.e. C/M < 1).  This thesis will 

assume that the values of C/M are within the constraints of current fragmentation warheads. 

The reduced initial velocity of fragments near the end plates has been investigated in a number of 

ways. Huang [77] believed rarefaction waves created near the two end plates, as the gas is 

1. The Gurney equation provides the same initial velocity for all fragments, which contrasts 
with experimental data. Only fragments, in the centre of the warhead, have an initial 
velocity approximately equal to the Gurney velocity [62-64].  The remaining fragments have 
an initial velocity less than the Gurney velocity.  

2. If all fragments are given the initial Gurney velocity, then warhead design engineers 
overestimate the impact the warhead has on a target.   

3. There is a restriction for the ratio of C/M (Gurney indicated the ratio should be between 0.06 
and 5.6)  

4. The Gurney constant can only be determined experimentally.  
5. The exploding warhead changes shape. Figure 3-31 shows an exploding shell and indicates 

that the shell expands before fragments are created.  This may be one of the reasons why 
the Gurney equation is inaccurate near the end plates, as the shape of the cylindrical casing 
is altered by the explosion. 
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expanding, have an impact on the fragment velocity.  It was thought these waves have little effect 

on the velocity of fragments near the centre of the warhead but have an increasing, non-linear effect 

on the velocity of fragments between the centre of the cylinder and the end plates. Huang [77] used 

the physics of rarefaction waves to amend Gurney’s original equation to determine the reduced 

velocity of fragments. 

Gardner [38] tackled the reduced fragment velocity throughout the warhead by assuming that the 

ratio of 𝐶/𝑀 at the end plates was reduced.  For simplicity he assumed the end plates contained a 

cone, and not a cylinder, of explosive material.  The ratio of C/M at the end plates could then be 

recalculated and the velocity computed using Gurney’s equation.  Unfortunately, this approach 

remains unproven.  

More complex methods to determine the velocity of fragments have been developed by authors 

such as  Fairlie [78], who used a computer programme called Autodyne to generate fragment 

velocities.  This approach uses a virtual, fine mesh to cover the warhead and computes fragment 

velocities for each element of the mesh.  As the number of elements in the fine mash increases so 

does the accuracy of the overall results.  The results were an improvement on the Gurney velocity, 

but the method is computationally expensive. 

Another method to estimate the initial fragment velocity is to elaborate the original Gurney 

equation. An example is the equation developed by Snyman, shown in Equation 3.15 [79] : 

𝑉 = √2𝐸√(1 (0.5 + 𝐹𝑥(𝑀 𝐶⁄ )⁄ )   (3.15) 
 

Where  𝐹𝑥 is a relatively complex function of the length-to-diameter ratio, charge to mass ratio, 

geometry and edge confinement of the shell or warhead. This equation is more accurate than the 

Gurney equation but once again is computationally expensive. Huang [77]  used a similar formula 

from Charron[63]: 

𝑉 = √2𝐸√(1 (0.5 + 𝐷𝑥(𝑀/𝐶))⁄ ) 
(3.16) 

 

Where 𝐷𝑥  is a complex function that depends on the distance from the detonation and the radius 

and length of the warhead. However, comparison to experimental results shows that this formula 

yields inaccurate velocities at the ends of the explosive cylinder. 

3.3.9 Initial velocity of end plate fragments 

Gurney did not consider the effect the end plates can have on the cylindrical velocity of fragments; 

nor did he estimate the value of the initial velocity of fragments for end plates 

There is limited information on the velocity of fragments emanating from the warhead’s end plates.  

Victor [24] developed a formula to determine the velocity of fragments for the ends plates based on 

the work of Odinstov [80] and gave the initial velocity of fragments for the ends plates as 

 

Where d is the warhead’s diameter, M is the mass of the cylindrical part of the warhead’s casing, L is 

the length of the cylinder and m is the mass of warhead’s end plates.  

No work has been discovered to verify the values of this equation.  

𝑉𝑒𝑛𝑑 = √𝑑𝑀𝐺/4𝐿𝑚   (3.17) 
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3.3.10 Initial angle of projection of fragments 

3.3.10.1 Experimental data showing the initial angle of projection of fragments 

Experimental data from Charron [63], Karpp [62], Konig [81] and Predebon [82], showing the angle 

of projection of fragments along the length of a warhead, is shown in Figure 3-29. 

3.3.10.2 Taylor’s equation to calculate the initial angle of projection of fragments 

Taylor was the first person to create a formula to calculate the initial angle of projection of 

fragments.  His equation calculates the initial velocity and angle of projection of fragments formed 

from a cylindrical warhead’s casing.   In his original paper he used the physics of the horizontal and 

vertical velocity of the explosive’s detonation wave. 

Figure 3-29: Experimental data (Charron [63], Karpp [62], Konig [81] and Predebon [82]). 
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In creating his equation, he assumed fragments were created as soon as the detonation wave 

contacted the casing and developed the initial velocity of a fragment in the warhead’s casing as:  

Velocity of a fragment = 𝑈((1 − cos𝜃)2 + sin2𝜃)1/2 = 2𝑈 sin(𝜃 2⁄ ) (3.18) 
 

Where U is the detonation velocity of the explosive, 𝜃 𝑖s the angle between the axis of the warhead 

and the line from the casing to the origin at a distance from the detonation (see Figure 3-30). 

The initial angle of projection of a fragment ∅ was calculated as: 

tan ∅ = tan(𝜃 2⁄ )   (3.19) 
  

Where the direction of the fragment is at an angle ∅  forward of the radial direction of the 

detonation wave. In his paper Taylor indicated that Equations 3.18 and 3.19 were true for all values 

of 𝜃.   

From Equations 3.18 and 3.19 can be deduced:   

sin𝜙 = 𝑉/2𝑈 (3.20) 
 

3.3.10.3 Accuracy of Taylor’s equation 

Taylor’s equation is accurate for fragments located near the centre of the warhead, for end 

detonated warheads.  The angle of projection for fragments located close to the warhead’s end 

plates is inaccurate. 

Figure 3-30 Variables used by Taylor 
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Figure 3-31 shows an exploding shell and indicates that the shell expands before fragments are 

created [83].  This may be one of the reasons why the Taylor equation is inaccurate compared with 

experimental data, as the shape of the cylindrical casing is altered by the explosion. 

3.3.10.4 Other equations for the initial angle of projection of fragments 

Since Taylor developed his formula other authors have based the initial angle of projection on 

geometry and physics.  An example is shown by Carlucci in his book [41]; see Figure 3-32. In this 

approach the casing expands at right angles to the detonation wave.  When the detonation wave 

moves from position P to position O a fragment is created, shown as P’O. 

In his book Carlucci indicated that: 

𝑉𝐴 = 𝐷 tan 𝜃 = 𝑉𝑁 cos 𝜃⁄  (3.21) 

Figure 3-31 Xray radiograph showing the expansion of a 32mm shell [83] 

Figure 3-32 Taylor angle as defined by Carlucci [41] 
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Where  𝑉𝐴 is the velocity normal to the original casing, 𝑉𝑁  is the velocity normal to the fragment and 

their values are approximately equal and so are interchangeable.  

Carlucci also numerically shows how to use the Taylor equation with an ogive shaped warhead [41]. 

He adjusted the Taylor equation to include the value of the angle the normal to the surface of the 

warhead makes with the horizontal.  Other authors developed  equations which are similar in 

appearance to Taylor’s equation; for example Szmelter [72] specified the initial projection angle  for 

an ogive shaped warhead as: 

tan 𝜃 = (𝑉0 2𝐷⁄ ) ∗ cos (
𝜋

2
+ ∅2 − ∅1) (3.22) 

 
Where  ∅1 is the angle that the normal to the casing makes to the axis of symmetry, ∅2 is the angle 

that the normal to the detonation wave front (at the same point on the casing) makes to the axis of 

symmetry. 

Several authors including Victor [24], Kennedy [70] and Choi et al [73]  explained how to derive the 

Taylor angle and some of these authors have made modifications and improvements.  Szmelter [72, 

84] looked at the Taylor angle and applied a correction term from Randers-Pehrson.  This approach 

assumed the weapon casing accelerated as it expanded.  She showed this had a negligible effect on 

the overall result. 

In her paper on fragmentation Szmelter[72]  provided the diagram shown in Figure 3-33: 

Where the Taylor equation is shown as: 

 

  

 

𝛿 = (𝑉 cos(𝛽 − 𝜃)) 2𝑉𝐷⁄  (3.23) 

Figure 3-33 The variables used by Szmelter [72] 
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Tanapornraweekit and Kulsirikasem [44] used the equation developed by Shapiro with  the variables 

shown in Figure 3-34, and the corresponding Equation 3.24.  

 

Where 𝑉 is the initial velocity of the fragment and 𝑉0 is the detonation velocity 

Another version of the Taylor angle is provided by Snyman [79]: 

sin α = (𝑉0 2𝐷⁄ ) cos 𝑖   (3.25) 
 

Where α is the fragment projection angle with respect to a vector normal to the detonation 

direction, D is the detonation velocity and 𝑖 is the angle between the detonation front and the 

normal to the explosive metal interface. 

Chen [68] derived the following equation for the spatial distribution of fragments: 

 

 

The parameter ∅2 is calculated from the initial position of the fragment and the detonation initiation 

point, 𝐷 is the detonation velocity and 𝑉0 is the initial fragment velocity.  

Victor [24]  specified experimental data for the typical initial angle of projection  for an end initiated 

and a central initiated cylindrical warhead.  An extract of the cylindrical data for the end-initiated 

warhead is given in Table 3-5. 

 

 

 

tan 𝜃 = (𝑉 2𝑉0⁄ ) ∗ cos (
𝜋

2
+ ∅2 − ∅1)   (3.24) 

 

tan 𝜃 = (𝑉0 4𝐷⁄ ) ∗ cos(𝜃 + ∅2) (3.26) 

Figure 3-34 Variables used by Tanapornraweekit [44] 
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Table 3-5 Data from Victor [24] 

% of total fragments 3 4 6 8 9 10.5 11 11 9 8 6 4 3 

Number of degrees of the 
fragment from the tangent 
of the casing 

90 91 92 93 94 95 96 97 98 99 100 101 102 

 
Gold [47] had similar results to Victor.  
 
In 1995 Flis [85] submitted a paper that included work from Chou[86]  who considered the case 
where the warhead casing is not constant.  Flis provided the following formula for the initial angle of 
project of a fragment: 
 

 δ = (𝑉 2𝐷⁄ ) − (1 2⁄ )𝜏𝑉′ + (1 4⁄ )𝜏′𝑉 (3.27) 
 
Where 𝜏 is the time for which the fragment is accelerating, primes denote spatial derivatives along 
the length of the warhead (i.e.,  𝑉′ = 𝜕𝑉/𝜕𝑙)  where 𝑙 is the coordinate along the length of the 
warhead,  𝛿  is the initial angle of projection and 𝑉 is the initial velocity of the fragment.  Wang 
simplified and updated this formula [87]. 

3.3.11 Summary 

This section described the way in which fragments are formed in an explosion, how many are 

created in an explosion, their appearance and size and equations used to calculate the initial velocity 

and initial angle of projection of fragments. 

3.4 Flight of fragments  

3.4.1 Introduction 

This section investigates the effect of air resistance and gravity on fragments. An equation to 

calculate air resistance is provided and the effect of the variable drag coefficient (CD) investigated.  

The implications of fragment rotation and turbulence in air are also considered. 
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3.4.2 The effect of air resistance 

The flight of a fragment, in air, is subject to a force called the drag force, also called air resistance.  

This force is dependent on the shape of the fragment which determines the value of the drag 

coefficient.  Figure 3-35 gives an approximate value of the drag coefficient (𝐶𝐷) for various 

shapes[88]. 

In Equation 3.28 Celis provides an equation to calculate the drag force using the drag coefficient and 

other variables.  This equation is accepted by many authors [89]: 

𝐹𝐷 =
1

2
𝜌𝑣2𝐶𝐷𝐴 

(3.28) 

  
Where  𝐹𝐷 is the drag force, 𝜌 is the density of the air, 𝑣 is the velocity of the fragment relative to 

air, 𝐴 is the cross-sectional area of the fragment that hits the target and 𝐶𝐷 is the drag coefficient. 

3.4.2.1 Calculate the value of the drag coefficient 

Several researches have indicated that for explosion fragments the drag coefficient does not agree 

with the shapes shown in Figure 3-35. The following research explains why. 

McCleskey’s research 

McCleskey noted that all the variables in Equation 3.28, except for the value of 𝐶𝐷, can be 

established with a high degree of accuracy [90].  For a regular shape, such as a sphere or a cube, the 

drag coefficient is well-defined, but this is not the case for warhead fragments because each 

fragment has a different shape. This means the warhead fragments may have different drag 

coefficients. 

Figure 3-35 Shape and the 
effect of drag [88] 
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For high speed fragments McCleskey went on to discover that the drag coefficient is a function of 

the fragment’s velocity, represented as a Mach number and the shape of the fragment [90].   

Miller’s research 

Miller published a paper providing experimental results that show the drag coefficient in air for 

different fragments with different velocities  [91].  The velocity of fragments varied from subsonic to 

transonic to supersonic speeds. As with McCleskey, he concluded that the drag coefficient of a 

fragment depends on the shape of the fragment and the Mach number of its velocity. 

Moxnes’ research 

Moxnes’ created a model to calculate  the drag coefficient for  irregular fragments that depends on 

the drag coefficient and the fragment’s Mach number  [92]. He also suggested that the cross-

sectional area of the fragments depends on the volume of the fragment to the power 2/3 divided by 

the randomly distributed projected area (RDA) 

3.4.2.2 The drag force (or air resistance) 

Fitzpatrick describes the effect of air resistance on four similar objects, starting  with the same initial 

velocity and projected at an angle of 45 degrees to the horizontal but being subjected to different air 

resistance [93].  Figure 3-36 shows the effect on the trajectories on these objects.  

Where each object has different air resistances as indicated on the diagram. The object with no air 

resistance travels furthest and the object with the most air resistance travels the shortest distance. 

Fitzpatrick also noted that  

“there is always an initial time interval during which the trajectory is identical to that calculated in 

the absence of air resistance”. 

Figure 3-36 A graphic representation of the effects of drag [93] 
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In this thesis, Fitzpatrick’s paper is relevant because it suggests that fragments are not affected by 

air resistance, provided the target is close to the explosion.   

3.4.3 The effect of turbulence 

When an object is moving through a fluid, the relative velocity of the fluid has two possible states 

called the layered and turbulent states.  The layered state occurs if the fluid  has a zero relative 

velocity next to the object.  The relative velocity rises in steps, as the distance from the object 

increases, until the relative velocity of the fluid is equal to the velocity of the object.  

The turbulent state occurs if the velocity of the fluid is chaotic and totally unpredictable. An example 

of turbulence is the change in pressure experienced in an aeroplane travelling through a storm 

cloud. The picture shown in Figure 3-37 shows the effect of turbulence in a fluid [94]. 

The start of turbulence is predicted by a variable called the Reynolds number. According to a NASA 

web site the Reynolds number is dimensionless [95]. A low value (in the order of one to a hundred) 

indicates that viscous forces are important, and the flow of air is layered. A high value (the order of 

10 million) indicates that the viscosity of the fluid is small, and the flow of air is turbulent.  

The simplified calculation of the Reynold number in air is shown in Equation 3.29 [96] 

𝑅𝑒𝑛𝑜𝑙𝑑𝑠 𝑛𝑢𝑚𝑏𝑒𝑟 =  6378 ∗ 𝑉 ∗ 𝐿            (3.29) 
  

Where V is the velocity of the object in feet per second and L is the length of the object in feet. 

Courtney stated that theoretically “the supersonic drag coefficients depend on both (the) Mach 

number and (the) Reynolds number.”  [97].  Courtney’s paper continues with  

“many modern approaches to computing trajectories for artillery and small arms that treat the drag 

coefficient as a function of Mach number and assumes no dependence on Reynold’s number”. 

The velocity of a fragment can be over 2,000 m/s which is approximately 6,000 f/s and its length is 

assumed to be 1.1 cms which is approximately equal to 0.43 inch then the value of Equation 3.29 is 

approximately 1.5 million.  This is a high value but not as large as 10 million. This means turbulence 

is probably not relevant and so is not considered in this thesis. 

3.4.4 The effect of gravity 

In an explosion the velocity of fragments is high, typically thousands of metres per second.    Using 

the kinematics equation linking initial and final velocity with acceleration and time, if the distance 

between the explosion and the target is small and the deceleration of the fragment is caused by 

gravity, then the initial velocity of the fragment and the impact velocity of the fragment on the 

Figure 3-37 Turbulent fluid caused by a cylinder travelling in the fluid [94] 
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target are almost equal.  This means the effect of gravity is insignificant and gravity is not included in 

this thesis. 

3.4.5 Angle of attack 

The initial angle of projection has already been discussed in Section 3.3.10 and according to the 

Weapons and Systems Engineering Department of the United States Naval Academy.  

“fragments of a warhead travel outward in a nearly perpendicular direction to the surface of its 

casing (for a cylindrical warhead there is a 7- to 10-degree lead angle).” 

Unless there are external forces acting on the fragment it will travel in a straight line. The external 

force of gravity, air resistance and turbulence have been discussed above and are not included in 

this thesis.  

However, there are alternative views that when the fragment is created it can travel through the air 

in different positions. McAfee provided a paper for Los Alamos indicating the different ways a 

fragment may travel [98].  The following diagram Figure 3-38 gives an indication of the different 

ways this can happen. 

Where the initial velocity and Angle of Attack (AoA) are as defined in the Figure. 

The most destructive fragment to an armoured vehicle is the fragment aligned at zero degrees to the 

direction of travel, where the fragment moves in the same direction as its velocity.  The other forms 

shown in Figure 3-38 lead to an increase in the drag coefficient and probably lower penetration [98].  

This thesis assumes the AoA is zero degrees. 

Figure 3-38 Flight of fragments with different Angle of Attack (AoA) [98] 
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3.4.6 Rotation of a fragment in flight 

 There are three types of rotation in space; yaw rotation, roll rotation and pitch rotation. The three 

axes for these rotations are shown in Figure 3-39. In this thesis as the AoA is zero degrees the only 

rotation that is relevant is rotation about the roll axis.  However, for completion, the other rotations 

are also discussed below. 

3.4.6.1 Yaw rotation 

In flight a fragment may oscillate about the direction of flight with a variable yaw angle.  As the initial 

angle of projection of fragments is not at right angles to the surface of the warhead it is believed 

Figure 3-39 The three rotational axes 

Figure 3-40 Fragment in flight with 
oscillating yaw angle 
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that several fragments could include a small oscillation.  Backman shows how bullets can oscillate 

with a yaw angle [99], which suggests that fragments too can travel in a similar way. Figure 3-40 

gives a graphical representation of the flight of such a fragment. 

As the angle of attack is assumed to be zero degrees this rotation is not included in this thesis. 

3.4.6.2 Roll rotation 

For a fragment roll rotation probably does not have a large impact on penetration because the 

impact area, which is relevant to penetration in the THOR equation (see Section 3.5), will not change 

with such rotation. In this thesis this rotation is not considered. 

3.4.6.3 Pitch rotation 

Pitch rotation can affect a fragment’s penetration because the impact area will change as the 

fragment pitches.  Unfortunately, no papers could be found on pitch rotation for fragments. 

3.4.7 Summary 

This section considered the effect of air resistance and gravity on fragments.  It defined the drag 

coefficient 𝐶𝑑 and discussed the relevance of air resistance, the effect of shape, rotation and 

turbulence on the flight of a fragment. The effect of air resistance, turbulence and rotation on a 

fragment are not included in this thesis.   

3.5 Penetration of a fragment on a target 

3.5.1 Introduction 

This section identifies the penetration effects of different materials, the different types of 

penetration, some analytical equations to calculate the depth of penetration, some analytical 

equations to calculate the reduction in velocity and mass when an object penetrates a target 

material and finally discusses how fragments can ricochet off the target. 

3.5.2 The effects of penetration 

Various papers and books covering the penetration of explosion fragments are included in the work 

by Deniz [100]  and Carlucci [41]. The effects of armour penetration can be seen in Figure 3-41 and 

Figure 3-42.  



Page 53 

 

Figure 3-41 shows the effect of an anti-tank warhead on armour [101].  The exploding high explosive 

warhead was located close to the target and the fragments penetrated the armoured vehicle, 

destroying critical components.  

In the Ukraine, aircraft MH17 was shot down by an air missile.  Some of the damage this missile 

caused can be seen in Figure 3-42 [102].  Some holes are large because the fragments were 

penetrating an aircraft made from aluminium not hardened steel.  

3.5.3 Effect of different materials 

When fragments hit a target object, penetration of the fragments depends on whether the target 

material is weaker or stronger than the fragment material.  Generally, if the fragment material is 

harder than the target material there is a chance the fragment may penetrate the target 

Many articles have been written on the effects of fragmentation on humans, where the fragment is 

always harder than the human body. For example Galbraith [103] mentions that current 

fragmentation weapons on humans  cause: 

“More wounds per casualty overall; more wounds to vital (armoured) areas, back & spine” 

Figure 3-42 Internal damage caused by fragments [102] 

Figure 3-41 Damage to armour caused by fragments [101] 
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Sturdivan created a model for a ballistic projectile penetrating the human skull as shown in Figure 

3-43 [104]. Although the penetration of the human skull is not the same as the penetration of 

armour there are a number of interesting calculations and observations: 

When the skull is perforated by a projectile, a truncated right circular cone of bone is driven out in 

front of the fragment.  This is similar to the crater created when a fragment penetrates armour (see 

later in this Section).  This is because the two materials behave in similar ways, although the human 

skull is more brittle than steel armour which can be subject to elastic and plastic deformation.  

The area of interest in Sturdivan’s work is the calculation of the expected impact area of a 

polyhedron. The mean presented area of a polyhedron is calculated as 1/4 of its surface area with 

the presented area being assumed to take all possible orientations with respect to the plane of the 

target.  The polyhedron is assumed to only contain flat or convex sides.   

This is an interesting calculation and can be tested in the simulation being created.  However, this 

test is not included now, but it is available for future work. Instead the presented area will be 

assumed to be equal to the width of the fragment multiplied by its thickness.  This means the AoA is 

assumed to be zero degrees. 

In terms of the effects of fragmentation on military vehicles there are several articles about the 

effect of fragments on targets that do not have a great deal of armour. For example the paper from 

Dullum  [105]  states: 

“These targets are vehicles such as trucks, and other field vehicles …..  will neither give adequate 

protection to fragments from bomblets nor to fragments from larger bomb” 

Figure 3-43 Crater formed by a fragment 
penetrating the human skull [104] 
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Sorenson made more detailed analysis of the effect of two different materials for fragments on 

targets [106]. The materials were aluminium and steel and there were two thicknesses of target, 

50.8mm and 76.2mm.  The results of the tests are shown in  Figure 3-44. 

For each target and fragment combination the photographs show, the craters in the rear of the 

target after fragment penetrations, the Behind Armour Debris (BAD) damage created by fragments 

on a witness plate, located behind the targets, and x-ray photographs taken below the back of the 

targets. 

The photographs indicate that with full penetration, craters are created by the fragments and BAD at 

the exit of the fragments.  

3.5.4 Fragment hits a target 

A fragment hitting a metal target plate can affect it in two ways; bending the target plate and 

penetrating the target plate.  Deniz refers to these as local and global structural responses and he 

indicates the difference between them with a bar being hit by a projectile (see Figure 3-45 ).  In this 

thesis the global effect is ignored. 

Figure 3-45 Responses to a bar being hit by high speed projectile with a velocity of V 

Figure 3-44 Photographs of the target rear faces, the mild steel plate for BAD and the residual X-rays 
[106] 
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3.5.5 Types of penetration 

Carlucci outlines the different types of penetration, of on object, on armour plate,  shown in Figure 

3-46 [41, 107].   

Plugging occurs when the fragment creates a plug from the target casing.  According to Recht [108] 

“if the fragment is blunt and if the fragment material is relatively strong so that it doesn’t deform 

easily, and the plate is thick then a plug will normally be ejected.” 

This means the mass of the fragment will be combined with the mass of the plug and suggests only 

thick plated targets create plugs. There is little information on plugs but McAfee noted that it is 

difficult to calculate the velocity of secondary fragments such as plugs [98]. For these reasons 

plugging is not included in this thesis. 

As scabs are similar to plugs, they are also not included in this thesis. 

Spalling is also excluded in this thesis because it is possible to reduce its effect by using an additional 

coating on the inside of the target [109]. Also see Section 3.5.11. 

3.5.6 Velocity of impact 

The probability a fragment penetrates a target increases as the impact velocity of the fragment rises.  

If the fragment fully penetrates the target it will exit with a given velocity.  This is called the residual 

velocity and is normally referred to as the Vr velocity.   

There are two other velocities that need to be defined: 

 

Figure 3-46 Different types of armour penetration [107] 
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Ballistic Limit velocity 

The ballistic limit velocity is defined  as [110] : 

“The minimum velocity at which a particular armour piercing projectile is expected to consistently 

and completely penetrate armour plate of given thickness and physical properties at a specified 

angle of obliquity”. 

This definition involves probability and is sometime known as the V100 velocity (probability of 100% 

penetration). As well as V100 this velocity is also known as V0. 

V50 velocity 

The V50 velocity is the velocity at which projectiles of identical material, hardness, strength, mass, 

obliquity and geometry will perforate a given target (of identical material and thickness) with a 

probability of 50%.  Although the V50 velocity is well defined the method in which it can be calculated 

is non-trivial.  Many projectiles will be fired at the given target with different velocities and the 

results of the penetrations used to plot a normal distribution curve.  The mean of the curve will be 

the V50 velocity.  The V50 velocity is one of the most commonly used measures in armour systems. 

3.5.7 The THOR analytical equations to calculate the effects of penetration 

A number of experimental equations have been provided to calculate the effects of penetration of 

fragments on armour.  One of the most common group of equations was developed from the THOR 

project[111]. These equations: 

“were developed based on testing by the Ballistic Analysis Laboratory in 1961 and the Ballistic 

Research Laboratory in 1963.  The test data was assembled  into the THOR report by Greenspon 

[112] in 1976.” 

The THOR project resulted in equations which depend on two different fragment types [111], which 

are: 

1. Fragments in the shape of a cuboid on a short cylinder (according to THOR this is defined as “no 

particular fragment shape “assumed). Denoted as Type I in Figure 3-47; 

 and  

2. Fragments in the shape of a cylinder (according to THOR this is defined as a “compact fragment 

shape”). Denoted as Type II in Figure 3-47. 

Figure 3-47 Assumed shape of the two fragment types in the THOR project [111] 
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The fragments vary in weight from five to 475 grains and for both Type I and Type II fragments the 

length of variables A, B, C, D, E are defined by the THOR project. 

Although the two fragment types have a different shape from actual fragments ( see section 3.3.7.4 ) 

the Type I fragment shape is considered to be similar to actual fragments and is the one used in the 

thesis whenever the THOR equations are used. 

Deniz provides some useful results in which the THOR equations can be checked [100]. 

3.5.7.1 Residual velocity 

The Residual Velocity is the velocity of the fragments after penetration of the target. In the THOR 

equations the Residual Velocity is defined as follows using imperial units: 

𝑉𝑟 = 𝑉𝑠 − 10𝑐(𝑡𝐴)𝛼𝑚𝛽(𝑠𝑒𝑐∅ )𝛾𝑉𝑠
𝜆 (3.30) 

 
Where the constants 𝑐, 𝛼, 𝛽, 𝛾 and 𝜆 for different metal targets and fragments made from steel with 

“no particular fragment shape” are shown in Table 3-6.  The variable 𝑉𝑠  is the fragment striking 

velocity in feet per second, 𝑚 is the weight of the original fragment in grains (7,000 grains are equal 

to 1 Lb), ∅ is the angle between the trajectory of the fragment and the normal to the target material, 

t is the target thickness in inches and A is the average impact area of the fragment in square inches.   
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Table 3-6 THOR equation constants for residual velocity for no particular fragment shape 

Metal c α β γ λ 

Magnesium 6.904 1.092 -1.17 1.05 -0.087 

Aluminium Alloy 7.047 1.029 -1.072 1.251 -0.139 

Titanium Alloy 6.292 1.103 -1.095 1.369 0.167 

Cast Iron 4.84 1.042 -1.051 1.028 0.523 

Face-Hardened Steel 4.356 0.674 -0.791 0.989 0.434 

Mild Homogeneous Steel 6.399 0.889 -0.945 1.262 0.019 

Hard Homogeneous Steel 6.475 0.889 -0.945 1.262 0.019 

Copper 2.785 0.678 -0.73 0.846 0.802 

Lead 1.999 0.499 -0.502 0.655 0.818 

Tuballoy 2.537 0.583 -0.603 0.865 0.828 

 
Several authors refer to the THOR equations but sometimes the equations are modified either to 

select a fragment type or to change imperial measurements to metric measurements.  For example, 

Dusenberry uses the following formula for residual velocity: 

 

𝑉𝑟 = 𝑉𝑠 − 10(𝑐1+7𝑐2+3𝑐3)(𝑡𝐴)𝑐2𝑚𝑐3(𝑠𝑒𝑐∅ )𝑐4𝑉𝑠
𝑐5 (3.31) 

  
Where m = Fragment mass (kg), A is the fragment presented area (m2), t is the target thickness (m), 

Vs is the fragment impact velocity (msec-1), 𝜙 is the impact angle relative to normal of tangent 

(radians) and the values for the constants are similar to the THOR constants except for the power 

value of (c1+7c2+3c3). 

Wang uses a similar formula but the constant names have been changed [113] and similarly Deniz 

changes the values of the first constant [100].  

Therefore, one must be careful when using the THOR equations and accept that different authors 

may be using different constants and parameter values. 

This thesis will use the original equations and constant values. 

3.5.7.2 V100 

The THOR equation to determine V100 or as it’s known in the THOR project as V0 is: 

𝑉0 = 10𝑐(𝑡𝐴)𝛼𝑚𝛽(𝑠𝑒𝑐∅ )𝛾   (3.32) 
 

Where the values of the indices are given in the THOR project report. 

3.5.7.3 Residual mass 

The THOR project report indicates that fragments with low striking velocities, undergo a small loss in 

mass during penetration.  Consequently, the change of mass for low velocities is ignored and the 

residual velocity accurately measures the resistance of a target to penetration. As the striking 

velocity increases, the fragment breaks-up more and more so this feature of the impact should be 
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taken into account. So, for high speed fragments it is necessary to know the residual mass as well as 

the residual velocity. 

And 

“A typical high-speed impact may result in one main fragment particle, several smaller fragment 

particles, and several spall particles of variable size issuing from the rear surface of the target. If any 

one of several of these particles can damage the primary target, then it becomes necessary to 

account for the total number, size, and velocities of these particles before a proper measure of the 

lethality of the fragment-producing weapon can be made”. 

The THOR equation for the residual mass is 

𝑚𝑟 = 𝑚𝑠 + 10𝑐 + (𝑡𝐴𝑓)
𝛼

− 𝑚𝑓
𝛽(𝑠𝑒𝑐∅)𝛾𝑉𝑓

𝜆 (3.33) 

 

Where mr is the residual mass (in grains) ,  

𝐴𝑓 is the fragment presented area (ft2), t is the target thickness(ft), 𝑉𝑓 is the fragment impact 

velocity (ftsec-1), 𝜙 is the impact angle relative to normal of tangent (radians) and the values for the 

constants are as shown in Table 3-7: 

Table 3-7 THOR equation constants for residual mass for no particular shape 

Metal c α β γ λ 

Magnesium -5.945 0.285 0.803 -0.172 1.519 

Aluminium Alloy -6.663 0.227 0..694 -0.361 1.901 

Titanium Alloy 2.318 1.086 -0.748 1.327 0.459 

Cast Iron -9.703 0.162 0.673 2.091 2.710 

Face-Hardened Steel 1.195 0.234 0.744 0.469 0.483 

Mild Homogeneous 
Steel 

-2.507 0.138 0.835 0.143 0.761 

Hard Homogeneous 
Steel 

-2.264 0.346 0.629 0.327 0.880 

Copper -5.489 0.340 0.568 1.422 1.650 

Lead -1.856 0.506 0.350 0.777 0.934 

Tuballoy -3.379 0.560 0.447 0.640 1.381 

3.5.8 Some modification to the THOR equations 

3.5.8.1 Residual velocity with a yaw angle 

Some improvements to the THOR equation are provided by Wang [113] to cater for the inclusion of 

a yaw angle.  An example is shown in Equation 3.34.  He uses slightly different parameters for 

constants from the ones in the original equations.  However, apart from the first constant, the values 

are identical.  The additional values are to change the units of measure from imperial units to metric 

units.  For example, one cubic cm is 0.06102375 of a cubic inch, there are 453.5924 gms in a pound 

(which is equal to 7000 grains) and one cm is equal to 0.0328084 of a foot.  
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𝑉𝑟

= 𝑉𝑅

− 0.3048.10(𝑐11)(61023.75ℎ𝐴)𝑐12(15432.1𝑚)𝑐13(𝑆𝑒𝑐∅ )𝑐143.28084𝑉𝑅
𝑐15 

(3.34) 

 

Where 𝑉𝑟 is the residual velocity, 𝑉𝑅 is the impact velocity, h is the thickness of the plate, A is the 

contact area of the projectile, m is the original mass of the fragments and impact and ∅ is the angle 

between the normal to the plate and the direction of the velocity. 

3.5.8.2 Residual velocity 

Van Meeten [114] indicates the THOR equations for residual velocity is: 

𝑉𝑟 = 𝑉 − 10(𝑐1) (𝑡𝑆𝑛

𝑚
2
3

𝜌𝑓

2
3

)

𝑐2

𝑚𝑐3(sec 𝛿)𝑐4𝑉𝑐5  (3.35) 

Where 𝑆𝑛
̅̅ ̅ =

𝐴𝑟̅̅̅̅

𝑉𝑜𝑙
2
3

= 𝜌𝑓

2

3
𝐴𝑟̅̅̅̅

𝑚
2
3

  and m is the impact fragment mass (grains), V is the impact 

velocity(ft/sec), 𝛿 is the impact angle (degree NATO), Ar is the average presented area of the 

fragment (ft2 ), t is the plate thickness (inches), ci are the THOPR constants, mr is the residual        

mass  (grains), Vr is the residual velocity ( ft/sec), Vol is the  volume of the fragment (ft3 ), 𝜌𝑓  is the 

fragment density. 

3.5.8.3 Residual mass 

The equation for residual mass, provided by Wang is: 

 

Mr = ms − (6.48)10c33−5   + (61023.75hA)c32  
− (15432.1𝐹𝑚𝑚)𝑐33(sec∅)c34(3.2808𝑉𝑅)𝑐35 

(3.36) 
 

 

Where each of the parameters and indices are defined in his paper [113]. 

3.5.9 Other penetration equations 

3.5.9.1 Recht and residual velocity 

Recht [108] provided two different equations for residual velocity; one equation for thin plated 

targets and the second equation for thick plated targets.  He defined a thin plated target where the 

following inequalities are valid: 

𝑇

𝐿
<

1

2
 

and 
𝑇

𝑑
<

1

2
 

Where 𝑇 is the thickness of the target, 𝐿 is the length of the fragment and 𝑑 is the diameter of the 

fragment. 

For a thin plated target, the residual velocity is: 
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𝑉𝑟 =
1

1 + Ω
𝐷
𝑑

2 𝑇
𝐿

(𝑉𝑠
2 − 𝑉𝑥

2)
.5

 
(3.37) 

 

For a thick plated target, the residual velocity is: 

𝑉𝑟 =
1

(1 +
𝑀𝑠

𝑀𝑝
) + Ω (

𝐷
𝑑

)
2 𝑇

𝐿

(𝑉2 − 𝑉𝑥
2)

.5
 

(3.38) 

 

Where 𝑉𝑥 is the minimum perforation velocity (as defined by the Navy Criterion Ballistic Limit - this is 

approximately the 𝑉50 velocity), Ms is the mass of the ejected plug, Mp is the mass of the fragment, Ω 

is the ratio of the target density to the fragment density, D is the plug diameter, d is the fragment 

diameter ( we normally assume D = d), T is the plate thickness and L is the fragment length. 

3.5.9.2 Recht and fragments with an oblique impact angle 

If the fragment hits the target at an oblique angle 𝜃 the fragment may change its angle of obliquity. 

Recht[108]  provided a formula for the change in the angle of the fragment.  The new angle of 

obliquity is 𝜃 − 𝛽 where: 

sin𝛽cos𝛽 =
sin𝜃cos𝜃

𝑉2

𝑉𝑥
2 +

𝑉
𝑉𝑥

(
𝑉2

𝑉𝑥
2 − 1)

1
2

 
(3.39) 

 

Or simplifying this equation 

sin 2𝛽 =
sin 2𝜃

𝑉2

𝑉𝑥
2 + (

𝑉
𝑉𝑥

) (
𝑉2

𝑉𝑥
2 − 1)

1
2

 
 
(3.40) 

 

Where 𝑉 is the impact velocity and 𝑉𝑥  is the ballistic limit velocity.  The ballistic limit velocity is the 

velocity where a projectile will penetrate a target at least 50% of the time and the values of 𝑉𝑥 need 

to be determined experimentally.  In the past many experiments have been undertaken to 

determine 𝑉𝑥 for various targets and projectiles.  Some of the results of this data is classified. 

There are some analytical formulas to determine 𝑉𝑥 such as that provided by Recht and the THOR 

equation.  However, these formulae are complex and depend on additional experimental data.  The 

formulae must therefore be used with care. 

The impact of the fragment hitting the target at an oblique angle changes the thin plate equation 

suggested by Recht to: 
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Thin Plate 

𝑉𝑟 =
cos𝛽

1 + Ω (
𝐷
𝑑

)
2 𝑇

𝐿cos𝜃

(𝑉2 − 𝑉𝑥
2)

1
2 (3.41) 

 

Thick Plate 

Although the article by Recht does not include an equation for fragments hitting thick plate at an 

oblique angle, using similar logic as he used for thin plate a suggested formula is as follows.  This will 

have to be verified experimentally: 

𝑉𝑟 =
cos𝛽

(1 +
𝑀𝑠

𝑀𝑝
) (1 + Ω (

𝐷
𝑑

)
2 𝑇

𝐿cos𝜃
)

(𝑉2 − 𝑉𝑥
2)

1
2 (3.42) 

 

 

3.5.9.3 Lundin residual velocity 

The Lundin [115] Joint Technical Coordinating Group for Munitions Effectiveness (JTCG/ME) 

penetration equations for the residual velocity of a fragment is given by: 

𝑉𝑟 =
1

1 +
𝜌𝐴𝑝𝑡

𝑊 cos 𝜃

(𝑉2 − 𝑉50
2)

.5
    (3.43) 

Where 

𝑉50 = 𝐶𝑏𝑓 (
𝜌𝑓𝑡𝐴𝑝

𝑊
)

𝑏𝑓

secℎ 𝜃 (
𝜌𝑓𝑡𝐴𝑝

𝑊0
)

𝑓

 

V is the debris initial velocity, V50 is the debris ballistic limit velocity where penetration occurs 50% of 

the time, Vr is the debris residual velocity, 𝜌𝑓 is the debris specific weight, 𝜌 is the plate specific 

weight, t is the plate thickness. Ap is the debris presented area along direction of travel, 𝜃 is the 

obliquity (90 degrees is edge on), W is the weight of the fragment, W0 is 100 grains, bf and f are 

experimental constants, Cbf is the fragment specific variable.  Unfortunately, there are a number of 

variables that need to be experimentally measured before the V50 equation can be used. 

3.5.9.4 Ipson and the mass of a plug 

According to Ipson the mass of the plug will be approximately given by: [116] 

 

Where 𝑀𝑠 is the mass of the plug, 𝜌 is the density of the target, 𝑟 is the radius of the hole created by 

the fragment, T is the thickness of the target and 𝜃 is the obliquity of the fragment. 

𝑀𝑠 =
𝜌𝜋𝑟2𝑇

cos 𝜃
⁄  

  (3.44) 
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3.5.9.5 Christman Gehring depth of penetration 

Gardner [38] looked at the restrictions of the THOR equations, which are for velocities between 600 

and 12000 f s-1 and for fragments weighing up to 1.9 oz. 

Gardner identified an alternative to the THOR equations designed by Christman Gehring equations 

which are applicable for velocities from 100 to 22000 feet sec-1[38].  The equations are also suitable 

for long rod penetrators as well as fragments and in Gardner’s paper contain both imperial and 

metric dimensions so for accuracy these dimensions have be left. 

𝑃 = (𝐿 − 𝐷)(𝜌𝑓/𝜌𝑡)
1/2

+ 0.13(𝜌𝑓/𝜌𝑡)
1/3

(𝐾𝐸/𝛽𝑚𝑎𝑥)1/3         (3.45) 

 

Where P is the depth of penetration ( inches), L is the fragment length ( inches), D is the fragment 

diameter ( inches), 
𝜌𝑓

𝜌𝑡
⁄ is the ratio of the fragment density to the target density, KE is fragment 

Kinetic energy ( joules) and 𝛽𝑚𝑎𝑥 the Brinell hardness after impact (kg/mm2). 

The first term in this equation is for the period of primary penetration, which is more important for 

long-rod penetrators.  The second term is for secondary penetration which is more important for 

fragments with smaller L/D ratios ie compact fragments.  The first term can be ignored if there are 

no long-rod penetrators. 

3.5.9.6 Brown’s penetration equation 

A. J. Ricchiazzi and C. J. Brown, in their paper entitled "Penetration Equations for Tungsten 

Fragments, “created a different penetration equation. The two researchers performed hundreds of 

penetration experiments to determine the fragment penetration equation shown in Equation 3.46. 

𝑉(𝑝𝑒𝑛𝑒𝑡𝑟𝑎𝑡𝑖𝑜𝑛) = 𝑎ℎ𝑏𝑚−𝑐  (3.46) 
 

Where V (penetration) is the penetration velocity(m/sec), h is the target thickness (cm), m is the 

mass of the fragment(grams) and the constants a, b and c are defined as: 

Table 3-8  Values for Equation 3.46 

3.5.9.7 Dussenbury’s equation 

In the Handbook for Blast Resistant Design of Building by Donald O Dusenberry the THOR  equations 

that estimate the penetration of the fragments into a target  are set out below [117]. These 

equations are only valid if the velocity is higher than the ballistic limit velocity 

𝑇 =
10 −

𝑐1 + 7𝑐2 + 3𝑐3

𝑐
𝐴

𝑚𝑐3 𝑐2⁄ 𝑣 (
1 − 𝑐5

𝑐2
) cos 𝜙𝑐4 𝑐2⁄    (3.47) 

 

fragment Plate material steel 

a b c 

Steel 
Tungsten 

1990 0.906 0.359 

1210 0.906 0.359 
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Where T is the amount of fragment penetration, m is the fragment mass, A = is the fragment 

presented area, v is the fragment impact velocity and 𝜙 is the impact angle measured from the 

normal of the surface of the target. 

3.5.9.8 Other researchers’ equations  

Haque provides a good summary of different equations [118]. 

In addition to the alternative penetration formula mention in this chapter in Deniz thesis for “the 

partial fulfilment of the requirements for the degree of Master of Science in mechanical 

engineering” a number of alternative models to the THOR model are discussed.  This includes: 

Lambert’s model 

Stone’s model 

Wijk’s model 

Woodward’s model 

Ubeyli and Demir 

Pol’s model 

3.5.10 Ricochet of fragments 

Some high-speed particles, which hit the target at an angle, will not penetrate the target but will 

ricochet off the target.  The factors that determine if a particle will ricochet off a target were looked 

at by John Zook.  He performed some experiments [119] for the US military and defined the 

following angles as shown in Figure 3-48.   𝜃 is the angle of obliquity, 𝛼 is the angle of the projectile 

after penetration and 𝛾 is the angle of ricochet. 
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The experiments Zook carried out were for a target made from Aluminium 2024, so unfortunately 

although the experiments were valid, they cannot be used for projectiles targeting a steel vehicle.   

Zook made modifications to the Thor equation for Aluminium targets and steel projectiles. 

The original THOR equation is 

𝑉𝑟 = 𝑉𝑠 − 10(𝑐1+7𝑐2+3𝑐3)(𝑡𝐴)𝑐2𝑚𝑐3(𝑠𝑒𝑐 ∅ )𝑐4𝑉𝑠
𝑐5 

This equation was modified by Zook to become: 

1

2
𝑚(𝑉𝑠

2 − 𝑉𝑟
2) = 𝐾(𝑡)𝑎 (𝐴)𝑏𝑚𝑐(𝑠𝑒𝑐∅ )𝑓𝑉𝑠

𝑑     (3.48) 

 

Where for cylindrical fragments he found 

K = 2.529,  a =  0.835,  b = 0.601,  c = 0.305,  d =  1.498,  f = 1.185. 

He also noted that he had to modify the constants in the original THOR equations and make 

conversions from the Imperial system to the metric system. 

Tate indicated that the physics of ricochet were complex and analytical formulae are not very 

accurate [120].  Through experimentation he created Table 3-9 that shows, for various values of L/D, 

the angle at which the projectile will ricochet off the target rather than penetrate the target. 

 

 

Figure 3-48 Fragment ricochet. Diagram (a) shows a projectile penetrating a target.  Diagram 
(b) shows a projectile ricocheting off a target. 
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Table 3-9 Experimental results for ricochets [120] 

L/D  𝜽 ricochet angle 

5 75
o

48' 

10 78
o

 28' 

15 79
o

 48' 

20 80
o

 48' 

 
Where L is the length of the projectile, D is the length of its diameter and 𝜃 is the angle below which 
the fragment will ricochet. 
Tate was looking at long rod penetrators which he deduced did not ricochet very much.  This paper 
is looking at fragments some of which will be long and thin like long rod penetrators and it is 
assumed that fragments that are not long and thin will probably ricochet more easily.   
In the absence of detailed information, this thesis will assume if the angle of obliquity of the impact 
is greater than or equal to about 80 degrees the fragment will not ricochet.  Below this angle the 
fragment will ricochet. 

3.5.11 Spall 

In ballistics, spall consists of small pieces of material created when a fragment penetrates a target.  It 

is made up of bits of the target material and / or parts of the fragment and forms a cloud of small 

particles, within the vehicle, beyond the penetrated target plate.  A good review of modelling spall is 

provided by Hartmann [121]. 

The THOR report notes that spall shows a wide variation in the number, size, and velocity of small 

particles between one experiment and another in which the same impact conditions are employed.  

Spall is generally measured by experimentation or, for simple cases, using analytical equations and 

creates a cone shaped cloud of small pieces of metal.  It can be reduced or eliminated with some 

materials, placed on the inside of the metal target.  For example this can be achieved with a ballistic 

curtain made from a composite material or with a spall liner used for lining the interior of the  

vehicle [122].  

3.5.12 Summary 

This section identifies the penetration effects of different materials, the different types of 

penetration, analytical equations to calculate the depth of penetration, reduction in velocity and 

mass and how fragments can ricochet. 

3.6 How to estimate survivability of a vehicle in a combat zone 

3.6.1 Introduction 

This section looks at different ways to measure a vehicle’s survivability by performing experiments, 

using available experimental data, having an expert system and using analytical equations to 

simulate an explosion to calculate survivability.   
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3.6.2 Performing experiments 

To carry out experiments to estimate the survivability of a vehicle it is necessary to hit physically a 

vehicle with a weapon or the products of a weapon and observe the outcome. This form of testing is 

destructive and expensive as vehicles and components are hit and may be destroyed.  Hartmann 

also mentioned that there are an infinite number of combinations of a penetrator’s ( fragment’s) 

mass, velocity and impact to consider [123].  With these problems the American DoD was initially 

reluctant to perform such experiments. They were only implemented in the USA after a law was 

passed forcing the DoD to carry out some tests. 

The UK does not have a specific, mandated legal requirement for survivability testing, but any 

equipment used by the UK MOD should be ‘fit for purpose’ 

Hartmann supports the view that physical experiments are expensive and outlined the following 

problems which needed to be overcome when carrying out experiments to estimate vulnerability: 

The price of some components may be high.  These components can be destroyed in an experiment 

and many experiments may have to be carried out to determine the probability of a vehicle being 

disabled.  This suggest the overall cost of the experiments may be prohibitive. 

Where a component is hit may affect its ability to perform its expected function.  This                                                                   

may be difficult to replicate with an experiment. 

The size of the object hitting the component is important.  An object that is very small may hit an 

area of the component that has little or no effect on the component’s efficiency.  Alternatively, a 

large object may destroy the component with every strike. 

Some components may retain a reduced capacity after they have been hit.  

3.6.3 Using experimental data 

Although undertaking experiments can be destructive and expensive there are some occasions 

where the experiments have been performed and an analytical model of the resultant data created.  

Gabrovsek’s paper [124] states that experimental and semi-experimental formulae can estimate the  

reality of battlefield damage using mathematical equations. Examples of this approach are the THOR 

equations to estimate how projectiles interact with a target’s metallic body [111].  

Both experimental and semi-experimental approaches rely on the results of experiments obtained 

for a wide range of threats and targets. This data with an analysis of the target can provide results 

that are medium-reliable. 

A drawback of using experimental data is that the data may be available for only one type of 

weapon, and it may be unsuitable for other types of weapon. 

3.6.4 An expert system 

Gabrovsek looked at “Human estimation” approaches and component survivability. His examples 

estimate the probability that a given explosion will disable a submarine’s sub-systems or result in 

structural damage to an aircraft.  Human estimation is based on the findings of ‘after action reviews’ 

of the damage caused by enemy contact and has been the only method of component survivability 

investigation for several centuries.  These approaches are fast, reliable and gradually improve 
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reliability as more knowledge is introduced. The main drawback is the difficulty in capturing expert 

knowledge, a poor scalability and a low fidelity at the component level. 

Helfman [125] describes how an expert system can be used to estimate kill probabilities.  The 

conditional kill for a critical component is defined as the probability of rendering a component non-

functional given that it is hit.   Killing a component depends on: 

An expert is needed to verify 1) and 2) and provide a view of the impact of a hit.  This approach is 

not trivial. 

3.6.5 Analytical equations to simulate an explosion and calculate survivability 

Ball outlined an approach to estimate survivability and indicated that it can be assessed using an 

analytical model or experiments [9].   

Wolf’s [6]  paper about Climate Change uses mathematics to determine  survivability.   Although this 

paper concerns Climate Change the mathematical approach is relevant to military vehicles in a 

conflict zone. The approach assumes a given action can lead to various scenarios, each of which has 

a given probability of being achieved.  So, the creation of an explosion leads to scenarios where the 

vehicle may not be hit or may be hit in several different places. 

Survivability of a vehicle cannot be linked to a simple analytical equation that gives an overall 

answer.  Survivability depends on many factors and the overall result is divided into discrete parts; 

see Figure 3-3.  The success or failure of each of these areas needs to be estimated and then the 

overall result calculated.  However, it is not trivial to calculate the result for some discrete parts or 

the overall result. 

An advantage of having a simulation is the parameters and values used in the simulation can be 

changed and the same code can be executed many times to determine an average value for the 

probability.  However, reasonably accurate equations are needed to evaluate each of the steps in 

the explosion.   

The following section “Simulate an explosion” provides more details of simulations to calculate 

survivability. 

3.6.6 Summary 

This section looks at different ways to measure a component’s survivability; using experiments, using 

experimental data, using an expert system and finally using analytical equations. 

1. Calculating the presented area of the component to the attacking object 

2. Defining which part of the component is the most vulnerable 

3. Deciding on the size of the damage made by the attacking object 

4. Investigating if there are barriers to the path of the attacking object 

5. Knowing the materials of the target and the attacking object 

6. Knowing the thickness of each barrier 
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3.7 Simulate an explosion 

3.7.1 Introduction 

This section considers the steps required to create a simulation of explosion fragments.  

Two different models are considered; one model provides accurate results but has slow execution 

times. The other model has omissions and some inaccuracies but faster execution times. 

3.7.2 Steps involved in the creation of fragments and their movement 

Many steps are required to simulate the creation of fragments and to determine how they move. 

They are the activation of the explosive which then forces the casing of the warhead to expand, the 

creation of fragments, the launching of fragments with an initial velocity and angle of projection, the 

flight of fragments, the penetration of fragments into the body of the vehicle and the movement of 

fragments within the vehicle. 

Each of these steps require slightly different approaches.  The expansion of the casing is dependent 

on stress (through pressure) and strain of the metal casing.  The creation of fragments is affected by 

weaknesses in the casing and an increase in pressure.  The initial velocity of fragments is dependent 

on the conservation of momentum and energy of the explosive material. The initial angle of 

projection of fragments is dependent on the shape of the casing, the gas pressure and the type of 

explosive. The flight of fragments depends on the movement of the fragments in a fluid. The 

penetration of fragments into a vehicle is dependent on various parameters including the 

conservation of energy and stress and strain of the target material.  The movement of fragments 

within the vehicle is dependent on parameters that determine the flight of objects in a fluid (air). 

Two models are considered to simulate an explosion: 

3.7.3 Simulation model one 

This method includes accurate but computer intensive methods such as Hydrocodes, Finite Element 

Analysis (FEA) and Computational Fluid Dynamics (CFD). 

3.7.3.1 Hydrocodes 

A hydrocode is a computer program that models the behaviour of a system that includes a fluid.  The 

model is divided into a matrix of cells and relevant forces are calculated by solving partial differential 

equations for the laws of motion (conservation of mass, energy and momentum) the equation of 

state (pressure, density and energy) and a constitutive model (stress and strain).  

The cells consist of polygons, for a two-dimensional simulation or polyhedra for a three-dimensional 

simulation.  Joining the cells to one another, are nodes.  In the model, where the largest changes are 

expected there should be more cells and nodes.  The partial differential equation(s) are solved at 

each of the nodes.   

There are two possible approaches; using Lagrangian or Eulerian methods.   Both methods observe 

what happens inside the cells defining the problem space.  The Lagrangian method has cells 

attached to the solid and examines how the cells alter as the solid changes through time.  The 

Eulerian method has cells defined in the problem fluid space and examines changes that occur 

within the cells as time develops.   
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There are also approaches that are a combination of the Lagrangian and Eulerian approaches.  The 

arbitrary Lagrangian-Eulerian (ALE) is a computational system where cells are not fixed in the 

problem fluid space (Eulerian) or attached to a solid (Lagrangian). 

Hydrocodes are used to solve queries such as deformations that happen in a small-time interval.  For 

example, a bullet hitting armour plating or a shock wave hitting a vehicle. This approach generally 

represents parts of the explosion such as the effect a fragment has on a target.  

Hydrocodes are used in the following:  

3.7.3.2 Computational Fluid Dynamics (CFD) 

CFD is a branch of fluid mechanics that uses a computer and numerical analysis to solve problems 

that involve fluid flows. The interaction of a fluid with a surface is analysed using boundary 

conditions.  Generally, CFD uses solutions to the Navier-Stokes equations.  

Computational Fluid Dynamics (CFD) can be used to investigate pressure waves and the effect they 

have on targets.  As mentioned by Mumby this is a model that closely follows the physics and 

geometry and predicts the fluid flow [126].  An example is shown in  Figure 3-49. 

3.7.3.3 Generalized Interpolation Material Point (GIMP) 

The material point method (MPM) was introduced to combine the advantages from Lagrangian and 

Eulerian approaches. It is used in simulating electro plastic materials undergoing large deformations. 

Some of the disadvantages of MPM are that it is more computational expensive than the Lagrangian 

techniques and it is inefficient with objects colliding. These disadvantages have been addressed with 

GIMP [127]. 

3.7.3.4 Finite Element Analysis (FEA) 

The Open University in their on-line lesson titled “introduction to finite element analysis” states that 

“the key to good analyses is knowledge of the limitations of the method and an understanding of the 

physical phenomena under investigation”.  This can take a long time to master and the final answer 

is only an approximation to the “real” effect. 

Figure 3-49 Air flowing over a vehicle taken from  
https://3hti.com/simulation/computational-fluid-dynamics 
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The following diagrams show typical results using finite element analysis.  Figure 3-50 shows the 

damage caused by a pressure wave [128].  

 

Figure 3-51 shows the effect of a fragment impacting a metal plate [129].  

 

An increased interest in simulation of fragmentation of expanding warheads has led commercial 

organisation to develop models.  Some frequently used models and an important USA Laboratory 

are as follows: 

Figure 3-50 Damage caused by a pressure 
wave [128]. 

Figure 3-51 A simulation showing a 
low velocity impact [129]. 
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3.7.3.5 Speed of execution 

In his comparison of Eulerian and Lagrangian techniques for a fragmenting bomb Moxnes found the 

Eulerian technique required too much computer time and both the Lagrangian and Eulerian 

techniques had less agreement with measurements [131]. 

In a paper by Babu FEA models were used to simulate the damage created by IEDs on military 

vehicles [132].  The results, shown in Table 3-10, compared the use of various FEA methods.  

Table 3-10 Results of the LS-Dyna experiments [132] 

 
 
 
 
 
 
 
 
 
 
 
Where ALE is the acronym for Arbitrary Lagrangian-Eulerian, S-ALE is the acronym for Structured ALE 

and DEM is the acronym for Discrete Element Method (a method to compute the motion of a large 

number of small particles).  The computational times are high. 

In their web site, LLNL includes the results of a simulation of a copper cylinder travelling with a 

velocity of 227 metres per second hitting a brick wall.  Although this is not the same as a fragment 

hitting an armoured vehicle there are similarities.  

The impact is subject to Elastic-Plastic flow.  LLNL provides results using two different approaches; 

Arbitrary-Lagrangian-Eulerian (ALE) and Lagrangian finite element formulations (Lag) in both two 

dimensions (2D) and three dimensions (3D). The results of the impacts are shown in Table 3-11. 

 

1. Ansys.  This programme is used in by the Defence and Aerospace industries. 

2. Autodyn.  This is one of Ansys’ programmes.  Autodyn simulates how materials react to 

loading due to impact, high pressure or explosion. The programme can simulate large 

material deformations or material failure.  

3. LS-Dyna.  This programme is used to provide crash analysis and is provided by Livermore 

Software, a private offshoot of Lawrence Livermore National Laboratory.  It is a multi-

purpose FEA program used to analyse the response of structures [130]. 

4. The Lawrence Livermore National Laboratory. The Lawrence Livermore National Laboratory 

(LLNL) is a United States of America national laboratory that is involved in the development 

and application of world-class science and technology that enhances the nation’s defence.  

This includes developing FEA models. 

 FEA 
models 

Hull vertical 
displacement(mm) 

Side wall 
vertical 
velocity 
(m/s) 

Vehicle 
Impulse 
(kg-m/s) 

Computational 
time(seconds as 
shown in Babu’s 
paper and 
converted into 
hours) 

ALE 50 2.11 17,449 563,518 = 156.5 hrs 

S-ALE 51 2.21 17,812 112,793 = 31.3 hrs 

DEM 52 2.9 17,892 105,929 = 29.4 hrs 
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Table 3-11 Results from the LLNL copper cylinder impact 

 
 
 
 
 
 
 
 
 
Again, the run times are high, especially with the three-dimensional models. 

There are many steps involved in the creation and movement of fragments and the above execution 

times are high.  This means the overall execution time for an FEA model to simulate the creation of 

fragments and their movement is too high for real-time computing. 

3.7.4 Simulation model two 

Section 3.7.2 indicates there are analytic equations that can cover many of the steps in the creation 

and movement of fragments.  The one exception is the first step, the creation of fragments.  For this 

step the Mott distribution provides the number of fragments with a given weight, but it does not 

provide the shape or position of fragments on the warhead’s casing.  If this omission can be 

overcome, then a full simulation can be modelled using analytical equations. 

This is the selected model because the execution time for model one is high, and it is thought the 

deficiencies of the equations for several steps in the simulation can be improved. 

3.7.5 Summary 

This section considered the steps required to simulate explosion fragments using two different 

models; one model provides accurate results but has slow execution times. The second model has 

omissions and some inaccuracies but faster execution times. 

 

 

 

  

Method Length 
of 
cylinder 

Max 
radius 
of 
cylinder 

Max 
EPS 

Number 
of 
cycles 

Run Time 

2D ALE 2.1738 0.6743 4.20 23.898 2.15mins 

2D Lag 2.1738 0.6742 4.20 496.347 26.32mins 

3D ALE 2.1738 0.6742 4.21 29.348 120.30mins 

3D Lag 2.1738 0.6741 4.19 509.468 869.27mins 
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4 Contribution number 1 - The creation of fragments 

4.1 Introduction 

Section 3.7.3  highlights that FEA models are computer intensive.  This led to the decision to consider 

a simulation model using analytical equations. In simulating an explosion, the step to create 

fragments from the warhead’s casing is an important step.    

This contribution creates fragments on the warhead’s casing, unfurled to become a two-dimensional 

surface. Mott provided six two-dimensional possible breakups of the warhead’s casing.  The diagram 

closest to physical reality is selected.  

Two different models, that generate fragments, are investigated.   

One model uses two Poisson distributions to determine the weaknesses in the warhead’s two-

dimensional casing.   One Poisson distribution calculates the width of fragments and the other 

distribution the length of fragments.  The average values used in these distributions are taken from 

researchers’ papers. 

The second model uses the Mott distribution reverse engineered to determine the weight of all 

fragments.  The fragments widths and lengths on the selected diagram are determined using a 

histogram of fragment widths and a graphical distribution function of fragment aspect ratios. 

The results of selected models are checked against the Mott distribution to assess whether the 

results are accurate. 

4.2 Approach 

4.2.1 Mott’s work on fragments 

Figure 3-20 indicates that the Mott fragment distribution is a very good estimate of the distribution 

of explosive fragments.  The main areas lacking in Mott’s work is providing a realistic shape for 

fragments and identifying where fragments originate on the warhead’s casing. Both omissions are 

addressed in this contribution. 

In Figure 3-27 Mott provides six two-dimensional images of how fragments may be created on the 

warhead’s casing.  Unfortunately, using analytic equations, he could not prove any of these images 

are accurate.  As Mott developed his distribution during WW2, computers were not available.  It is 

proposed to use a computer model and incorporate the best of the six options. 

To select the best of these images, it is necessary to identify how the casing is transformed in a 

cylindrical explosion.  Research by Mott, Elek and other scientists suggest that as a cylindrical 

warhead explodes, its case expands, and circumferential fragments are formed.   

Although simulations are not an ideal method to determine how explosive cylindrical casings 

expand, providing the simulations use the laws of physics for the casing and explosive they can 

provide a possible indication. Pictures of a simulated explosion, are shown in Figure 3-16 and 

indicate that a warhead’s cylindrical casing splits into long strings, parallel to the axis of the 

cylinder[39].  From these long string axial fragments are then created.   
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Babu’s recent work on an advanced simulation also shows long strings are formed, as shown in 

Figure 4-1 [133] 

These simulations suggest the circumference splits into circumferential fragments which then form 

long strings, and finally these long strings create axial fragments.  Using this information, the most 

accurate diagrams for the creation of fragments in Figure 3-27 are options (c) and (e).  Option  (e) is 

chosen because it is the closest option to the simulations and papers of Kong [39] and Victor [24] .  

The diagram for this option is shown in Figure 4-2. 

In Figure 4-2  fragment widths correspond to the vertical axis (the circumferential break-up of the 

casing) and fragment lengths to the horizontal axis.  Fragments on both axes are formed randomly. 

4.2.2 Characteristics of fragments created by an explosion 

4.2.2.1 The shape of fragments 

Physical fragments created in a cylindrical explosion are shown in Section 3.3.7.4.  Larger and 

heavier fragments have an aspect ratio 1:>1. (i.e. they are longer than they are wide) and all 

fragments have rough edges.    

Figure 4-2 produces cuboid shaped fragments which have a similar shape to actual fragments. A 

great deal of small “dust” fragments (particles) are also created by the explosion.  It is proposed to 

Figure 4-2 Mott’s two-dimensional diagram, Option (e)  
for the creation of fragments [37] 

 

Figure 4-1 Long string formed in an explosion [133] 
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allocate 10% of the total weight of the casing for the creation of small dust particles.  Unfortunately, 

there is no research on the amount of dust being created and 10% may be incorrect. 

Papers written by several authors assume that fragments are spherical or cubic shaped.  This makes 

the simulation of fragments simpler to model, however, spheres and cubes result in wrong shaped 

fragments.  This means they potentially have inaccurate flight and target penetration variables.  

Some of these conclusions are outlined in a paper by Catovic which considers the shape of fragments 

and the effect of air resistance [59].   

In this contribution fragments are shaped, as shown in Figure 4-3, with widths less than lengths and 

as the warhead is “thin cased” the height of the cuboid is equal to the thickness of the warhead’s 

casing.   

The two areas, where the shape of a fragment affects the movement of fragments are: 

4.2.2.2 The effect of a fragment’s flight.   

Air resistance and the value of the drag coefficient, 𝐶𝐷,  have already been discussed in Section 3.4.2.  

If the explosion is located close to the target, then work by Fitzpatrick indicates that air resistance 

has negligible effect on the flight of fragments [93].   The exception is when the direction of the 

fragment’s axis is different from the direction of the velocity of the fragment. This will occur, for 

example, when the fragment rotates as it moves.  As mentioned in Section 3.4.6, in this contribution 

fragments will not include flight rotation so, the shape of a fragment has no effect on its velocity. 

4.2.2.3 The effect of a fragment’s shape to penetrate a target. 

A set of equations that evaluates how fragments penetrate armour is provided by THOR [111].   One 

of the THOR equations is used to calculate the residual velocity of a penetrating fragment.  This 

equation is set out in Equation 3.32, with a copy shown in Equation 4.1. Using this equation and 

information available in the THOR paper, a steel fragment hitting a steel target has a value of 1.191 

for the exponent 𝛼 in Equation 4.1  This means the residual velocity of a steel fragment, according to 

the THOR equation, varies according to the value of 𝐴1.191, where 𝐴 is the impact area of the 

fragment hitting the target.  

𝑉0 = 10(𝑐1)(𝑡𝐴)𝛼𝑚𝛽(𝑠𝑒𝑐∅ )𝛾 (4.1) 

Figure 4-3 A cuboid shaped 
fragment 
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To justify using cuboid fragments in place of spherical or cubic fragments this contribution will show 

a cuboid fragment has a significant impact on armour penetration.   

Using Figure 4-2 the creation of fragments is investigated in two different ways: 

Option 1 – enhance Mott’s equation 

Option 2 – reverse engineer the Mott equation 

4.2.3 Option 1 – enhancing Mott’s equation  

Mott’s standard equation is used to generate fragments.  His equation, mentioned in Section 3.3.5,  

estimates the number of fragments greater than a given mass m (𝑁(𝑚))and is given by: 

𝑁(𝑚) = 𝑁0 exp(−𝑚1/2/𝑀𝐴) (4.2) 
 

Where 𝑁0 is the total number of fragments created by the warhead and  

 𝑁0 = 𝑀 2𝑀𝐴
2⁄  (4.3) 

 
with MA being the fragment size parameter that depends on the thickness of the casing and the 

diameter of the warhead.  Mott established the following formula for MA  for a thin cased warhead: 

1. Mott based his equation on the work of Lineau who assumes the length of fragments is 
determined by the Poisson distribution.  In this option a Poisson distribution is used to 
generate both circumferential and axial fragments using information available on the 
average width and length of fragments respectively.   

2. Mott determined analytically that the average length of fragments is 1.1cm. This is 
considered to be an accurate estimate for the average length of explosion fragments.  Mott 
also considered the average aspect ratio of a fragment (the ratio of the width of a fragment 
to its length) is about 1:5. The author of this thesis thinks this is an exceptionally high value 
and suspects it may be the maximum value. Other authors have ratios varying from 1:1.3 to 
1:1.5.  A variety of aspect ratios to determine the average width of fragments will be 
considered in this model. 

1. Mott’s equation is reverse engineered to create a distribution of fragment weights.  The 
fragments can then be fitted into a two-dimensional model providing the width and length 
of fragments can be determined.   

2. Fragment widths are provided by the distribution of circumferential fragments specified by 
Mott and Elek.  Work by Arnold [60], Kong [39], Nyström [61] and Cohen [51]  show that 
most large fragments are located beyond the centre of the warhead, opposite the 
detonation.  This is considered with information of fragments aspect ratios to calculate 
fragment lengths. 

𝑀𝐴 = 𝐵𝑚𝑡
5
6𝑑

1
3(1 + 𝑡 𝑑⁄ ) 

(4.4) 
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4.2.3.1 The size of fragments 

Mott is the only person who has provided an analytical formula to estimate the average length of 

fragments created in an explosion.  He calculated the average fragment length is 1.1 cms [37].  He 

also calculated the average fragment width is about 0.24in which is approximately 0.61 cms. 

However, the average width of fragments is calculated using the aspect ratio of fragments and the 

average length of fragments. 

4.2.3.2 The aspect ratio of fragments 

The aspect ratio of fragments has been analysed by several researchers, but the ratios vary 

significantly.  As mentioned in Section 3.3.7.3 there are various papers on aspect ratios. The aspect 

ratio of fragments therefore will be investigated. See Section 4.2.4.2 below. 

4.2.3.3 Long string fractures form fragments 

Lineau explained how fragments can be formed using the Poisson distribution to show how a one-

dimensional object of length l can form n fractures. Grady [37] shows, for a Poisson distribution, the 

probability of n breaks in a rod of length l  is: 

𝑃𝑛(𝑙) =
𝑒−𝜆/𝑙(𝜆 𝑙)⁄ 𝑛

𝑛!
 

(4.5) 
 

 

Where 𝑃𝑛(𝑙) is the probability there are n fractures in an arbitrary length 𝑙, 𝑤here  𝑙 is the length of 

the object and 𝜆 is the average spacing between breaks or the frequency of breaks per unit length is 

1/𝜆.  The circumferential fragments extend along the casing to form long cylindrical strings. 

4.2.3.4 The Poisson distribution 

Lineau’s explanation of how fragments are formed randomly in a one-dimensional space [36] and 
Mott’s observation that an exploding warhead first forms circumferential fragments [37] indicates 
circumferential fragments can be modelled accurately by the Poisson distribution.  These 
circumferential fragments then extend over the length of the warhead to create long strings which 
subsequently fracture into random fragments which also can be modelled by a Poisson distribution.  
As fragments have distinct lengths and widths a different Poisson distribution is used to represent 
the length and the width.  To generate representative values for the length and width a random 
value is generated between 0 and 1 and the Poisson cumulative distribution function is used to 
determine the abscissa value that corresponds to the random ordinate value. Bierlaire [134] 
published the following model to simulate event times in a Poisson distributions with a rate of λ for 
time  T.  In our analysis time T is replaced with length L:  

1. t = 0, k = 0.  

2. select a variable r which is a random number between (0,1).  

3. t = t − ln(r)/λ.  

4. If t > T, STOP.  

5. k = k + 1, Sk = t.  

6. Go to step 2. 
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4.2.3.5 Summary of Option 1 

The Option 1 simulation creates fragments using the Poisson distribution with the average width of a 

fragment determined by calculating the average aspect ratio of fragments and using an average 

length of a fragment equal to 1.1 cms and the Poisson distribution.  To estimate the sensitivity of the 

calculated average width of fragments fluctuations are considered. There is no fluctuation for the 

average length of fragments because this value is more accurate. 

Using the length, width and height (the same as the casing thickness) of fragments and the density 

of steel, the weight of each fragment can be calculated.  The weight distribution of fragments will be 

compared with Mott’s distribution to determine the accuracy of this method and its parameters. 

4.2.4 Option 2 - reverse engineer the Mott distribution 

Mott’s equation calculates the number of fragments greater than a given mass m, in an explosion.  

By reverse engineering the equation, it is possible to calculate the weight of each fragment as: 

weight of fragment 𝑛 = 𝑀𝐴 (−𝐿𝑛 (
𝑛

𝑁0
))

1/2

 (4.6) 

 

Where n is the number of the fragment with 1 being the heaviest fragment, 2 the next heaviest 

fragment and so on. 

4.2.4.1 The width of fragments 

The distribution and histogram created by Mott to calculate the width of fragments is shown in  

Figure 3-21, which is  repeated as Figure 4-4. 

This histogram shows the distribution of fragment lengths, for a class interval size of 0.4.  The 

histogram uses the equation 𝐿/𝐿0 = 20 where 𝐿 is the length of the circumference of the cylinder 

and 𝐿0 is the characteristic length of a fragment.    The size of fragment widths can be calculated 

using the histogram values multiplied by the constant 𝐿0.  They can then be used to create a list of 

random widths which can be used to divide the length of the circumference into a series of 

Figure 4-4 Mott histogram and complementary cumulative distribution [37] 
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circumferential fragments.  As it is unlikely the random widths exactly fit into the length of the 

circumference, the value of the constant 𝐿0 is adjusted to enable them to fit. 

4.2.4.2 The aspect ratio of fragments 

There is a distribution for the aspect ratio of fragments provided by Mott which has not been tested 

against experimental data. In this contribution the distribution of Mott’s aspect ratios is tested 

against experimental data, provided by Gardner and Hiroe.   

4.2.4.3 Create the casing’s fragments 

As the casing is symmetrical about the warhead’s axis it is assumed the fragments are distributed 

reasonably equally on the casing.  This means the few heavy fragments should not cluster around a 

small part of the casing.  To achieve this approach the circumferential widths and the reverse 

engineered fragments weights are sorted into lists of descending widths and weights respectively. 

Fragment weights are then added to the widths in sequence; the first weight to the first width, then 

the second weight to the second width and so on. The length of each fragment is calculated as it is 

added to a width and the total length of fragments in that width calculated. The maximum length of 

fragments within a width can never exceed the length of the warhead. If this is not the case the next 

width is checked until an acceptable width is found.  At the end of the process, when all the weights 

have been added to the widths, the widths are returned to their original position and the fragments 

within them sorted randomly.  

4.2.4.4 Summary of Option 2 

Option two creates the weight of fragments using a reverse engineered Mott distribution.  The 

widths of fragments are calculated using the histogram of fragment widths provided by Mott.  The 

reverse engineered fragment weights and widths are then sorted and the fragments fitted into the 

widths. When all fragments have been allocated to a width, the weight distribution of fragments of 

this simulation will be compared with Mott’s distribution to determine the accuracy of the method.  

As this is a reverse engineered distribution the two curves should be almost identical. 

The aspect ratio of generated fragments is checked against available results. 

4.3 Validation 

4.3.1 Validate Option 1 

The shape of the distribution of fragment weights against the number of fragments are compared 

with Mott’s distribution.  This will be done by varying the average width of fragments and selecting 

the “most accurate” width.  

The execution time of this option will also be calculated.  Unfortunately, there are no alternative 

experimental execution times available, apart from complete FEA simulations. 

4.3.2 Validate Option 2 

The shape of the distribution of fragment weights against the number of fragments will be compared 

with Mott’s distribution.  As this Option is using reverse engineering the correlation coefficient 

between Mott’s distribution and the reverse engineered distribution is expected to be 100%. 
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The execution time of this option will also be calculated.  Unfortunately, there are no alternative 

experimental execution times available, apart from complete FEA simulations. 

4.4 Results general 

4.4.1 Cuboid fragments give more accurate results than cubic or spherical fragments 

The calculated impact area versus the weight of the fragment, for spherical, cubic and cuboid 

fragments are shown in Figure 4-5 and Figure 4-6. In these two figures the impact area of the cuboid 

fragment is calculated by multiplying the height of the fragment by its width. For spherical and cubic 

fragments, the impact area is calculated from the volume and weight of the fragment. 

Figure 4-6 Impact area against weight of 
fragments 

Figure 4-5 Impact area against weight of 
fragments 
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Figure 4-5 shows the area of impact of fragments with masses between 1 gm and 10 gms and Figure 

4-6 shows the area of impact of fragments with masses between 0.1 gm and 1 gm.  In both of these 

figures the ratio of the width of the cuboid fragment to its length (the aspect ratio) is assumed to be 

1:2. Other aspect ratios of 1:2, 1:3 and 1:4 and weights between 1 and 10 gms are shown for cuboids  

in Figure 4-7.  Figure 4-7 has curves similar in shape to those curves for cuboids in Figure 4-6 and 

Figure 4-5.   

These figures indicate the shape of the fragment has an appreciable effect on the area of impact of 

the fragment and subsequently on the residual velocity of the fragment.  Therefore, when a 

fragment is spherical or cubic the amount of armour penetration will be overestimated.   

4.4.2 The average length of fragments 

The average  length of fragments was estimated by Mott to be 1.1 cms [37].  This is considered to be 

an accurate result.  

Figure 4-7 Cuboid fragment with different 
aspect ratios 
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4.4.3 The aspect ratio of fragments using Mott’s distribution 

If the length and the aspect ratio of the fragment is known, the width of the fragment can be 

calculated.  Figure 3-22 shows Mott’s distribution of aspect ratios, copied as Figure 4-8, which 

includes a histogram with an interval size of 0.5. The values of the histogram are shown in Table 4-1. 

 

 

  

Figure 4-8 Mott’s aspect ratio graph with histogram [37] 
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Table 4-1 The estimated values of histogram 

Histogram interval  
Estimated 

values for  

from to r/r0  

0 0.25 3 

0.25 0.5 30 

0.5 0.75 73 

0.75 1 95 

1 1.25 77 

1.25 1.5 50 

1.5 1.75 30 

1.75 2 20 

2 2.25 15 

2.25 2.5 10 

2.5 2.75 5 

2.75 3 4 

 

The average aspect ratio in Table 4-1 is within the 0.75 to 1.25 intervals. It is now necessary to 

estimate the value of 𝑟0. 

4.4.3.1 Estimate the value of 𝒓𝟎 

Unfortunately, there is limited information available on the size of 𝑟0.  The value of x0 (equal to the 

value L0 for a circumferential fragment) is available from several sources but the value of y0 is not 

available. The physics of stress and strain in an explosion is considered to try to determine the value 

of 𝑟0.  
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The shape of a curve of stress to strain for steel is shown in Figure 3-14. A copy of this figure is 

shown in Figure 4-9. 

The value of 휀 (the strain) at the point of fracture on Figure 3-14 shows 10%.  This is inaccurate in an 

explosion where circumferential strain can be over 50%. 

The Mott equation to estimate  𝑟0  is shown in Equation 3.9 and has a value of (휀�̇� 휀�̇�⁄ )
−2/3

.  Values 

of 휀�̇�  and  휀�̇� are not available in any research papers so the following sections are an attempt to 

estimate the value of 𝑟0. 

4.4.3.2 Using the stress and strain formulae 

In Morley’s book “Strength of Materials” in the chapter on thin cylindrical shells having internal 

pressure he shows the ratio of hoop tension caused by a pressure of P is twice the longitudinal 

tension [135]. These formulae lead to the ratio of strain in the longitudinal direction to strain in the 

radial direction being about 1:2. This suggests that the length of fragments will be twice as long as 

they are wide. Although he does not indicate the formulae is for stress and strain for metals in an 

elastic state, it is assumed that this is the case.  It is unknown if metals subject to plasticisation will 

have a similar value for the ratio of radial strain to longitudinal strain.   

4.4.3.3 Using Mott’s equation to calculate 𝒓𝟎 

Mott estimated that the value of 휀�̇�  at the position x is equal to 𝑉𝑥/𝑟𝑥 where 𝑉𝑥 is the fragmentation 

velocity at point x and 𝑟𝑥 is the radius of the cylinder at point x.  A similar formula is used for the 

Figure 4-9 Stress to strain for steel 
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value of 휀�̇�.  Kong’s paper [39] suggests (in the y direction) the detonation end plate has a velocity of 

about 1300m/s and the far end plate a velocity of about 1745m/s.  The velocities of the two end 

plates are not equal so it is proposed to equate the value of 𝑉𝑥/𝑟𝑥  for both end plates by solving∶ 

(1745/𝑙) =  (1300/(160 − 𝑙)) (4.7) 
where 160 is the length of the warhead and l is the distance from the non-detonation end plate.  
The solution to Equation 4.7 is approximately 92.  This gives a value of 휀�̇� = 1745/92 and 휀�̇� =

1400/55  , where 55 is the radius of the cylinder. So (휀�̇� /휀�̇�)
−2/3

≃  .82     Therefore 𝑟0 is 

approximately 0.82 and 1/𝑟0 ≃ 1.22.  Although this is for Kong’s experimental data there are no 
more experimental data papers on end plate velocities.  It is assumed that the values of 

(휀�̇� /휀�̇�)
−2/3

 are similar for steel casings so the above figures are accepted and Table 4-1 becomes 

Table 4-2.   
 
The estimated percentage of fragments with an aspect ratio less than 1:1 have been distributed over 
the percentages with aspect ratios greater than 1:1, weighted in favour of the ratio 1:2.  The 
percentage for aspect ratio 1:1 has not been changed because no fragments with an aspect ratio less 
than 1:1 will include fragments with a ratio of 1:1.  
 

Table 4-2 Adjusted histogram figures and calculated percentage 

Histogram interval  
Estimated 
values for  Percentage 

of total  

Estimated 
aspect 
ratio 

Estimated 
percentage 
for aspect 

ratio 
(rounded) from to r/r0  

0 0.31 3 1     

0.31 0.61 30 7     

0.61 0.92 73 17 

1:1  59.00 0.92 1.22 95 23 

1.22 1.53 77 19 

1.53 1.83 50 12 

1:2  31.00 1.83 2.14 30 7 

2.14 2.44 20 5 

2.44 2.75 15 4 

1:3   9.00 2.75 3.05 10 2 

3.05 3.36 5 1 

3.36 3.66 4 1 1:4  1.00 
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4.4.4 The aspect ratio of fragments in the Gardner photograph 

The dimensions of the shell in Figure 4-10 correspond to the shell’s actual dimensions, so it is 

assumed the fragments also have correct dimensions.  The aspect ratio of fragments is estimated 

using the following approximations: 

In Figure 4-10 aspect ratios are rounded.  So, the ratio of 1:1 covers the range of 1:0.5 to 1:1.5 and 

the ratio of 1:2 the range of 1:1.5 – 1:2.5 and so on. 

For Group 0 fragments, the total number of fragments is estimated by estimating the number of 

rows and columns and multiplying the two values to give an overall estimate of the number of 

fragments.  An area, designated with the red line, contains a small proportion of fragments that are 

counted.  In this area, fragments with an aspect ratio of 1:2 and 1:3 are highlighted and enumerated 

and the remaining fragments are counted and considered to have an aspect ratio of 1:1. From the 

three values ( the number of fragments in Group 0, the number of fragments with an aspect ratio of 

1:2 and 1:3) the number of fragments with aspect ratios of 1:1, 1:2 and 1:3 in Group 0 can then be 

identified.   

Figure 4-10 Estimate the aspect ratio of Gardner’s fragments [38] 
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For Group 1 fragments the total number of fragments is estimated and the number of fragments 

with an aspect ratio of 1:2 highlighted and counted.  Fragments with an aspect ratio of 1:1 and 1:3 

are then estimated.  

For Group 2 fragments the total number of fragments are estimated, and fragments are assumed to 

have an aspect ratio of 1.2.  Fragments with an aspect ratio of 1:1, 1:3 and 1:4 are highlighted and 

counted.  

For Group 3 fragments the total number of fragments are counted and fragments are assumed to 

have an aspect ratio of 1:3. Fragments with an aspect ratio of 1:1, 1:2, and 1:4 are highlighted and 

counted.   

The estimated aspect ratios of Group 4 fragments are also counted. 

The results for all the Groups are set out in Table 4-3. 

Table 4-3 The calculation of aspect ratios for the Gardner photograph 

 
  

Group number Total number of 
fragments in the Group 

Fragments 
with aspect 
ratio 1:1 

Fragments 
with 
aspect 
ratio 1:2 

Fragments 
with 
aspect 
ratio 1:3 

Fragments 
with 
aspect 
ratio 1:4 
and 
greater 

Group 0 1368 1003 274 91 0 

Group 1 358 275 58 25 0 

Group 2 532 96 352 76 8 

Group 3 135 8 21 103 3 

Group 4 22 0 7 8 7 

Total 2415 1382 712 303 18 

Percentage 100 57 29 13 1 
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4.4.5 The aspect ratio of fragments in the Hiroe photograph 

The Figure 4-11 aspect ratios uses the same rounding routine described in Gardner’s figure. All 

fragments with aspect ratio 1:2 to 1:5+ are indicated in the figure.  The remaining fragments are 

assumed to have an aspect ratio of 1:1. 

Table 4-4 includes the figures in Table 4-3  together with the aspect ratios of fragments with for 

Hiroe’s explosion and the estimates for Mott’s distribution.  

This figure shows the percentage of fragments for aspect ratios are similar. Mott’s percentages are 

slightly higher for aspect ratio 1:1 and the aspect ratio 1:4 is probably inaccurate for each of the 

figures.  However overall, the three figures have similar amounts. 

  

Figure 4-11 Calculate the aspect ratios of Hiroe’s fragments [57] 



Page 91 

 

 

Table 4-4 Analysis of fragment size using Figure 4-10, Figure 4-11 and Table 4-2 

 Approximate 
aspect ratio 
(width: 
length) 

Figure 4-10 
number of 
fragments  

Figure 4-11 
number of 
fragments 

 Figure 4-10 
percentage 

 Figure 4-11 
percentage 

Table 4-2 
Mott’s 
Percentages* 

1:1 1382 150 57 57 59 

1:2 712 63 29 24 31 

1:3 303 39 13 15 9 

1:4 and more 18 12 1 4 1 

Total 2415 264 100 100 100 

Approximate 
average ratio 

1:1.57 1:1.67 N/A N/A 1:1.52 

 
*  The figures assume the distribution in Table 4-2 is correct.  
 
The range of values for the Mott figures is different from the range of values for the other two 
distributions and this could be because there is limited data available to enumerate Mott’s 
distribution.  
 
For each of these results the average aspect ratio varies from about 1:1.52 to 1:1.67.  This range of 

aspect ratio is below several of the values given in Section 3.3.7.3.  In Mott’s  distribution of  aspect 

ratios the ratios less than 1:1 are not compared with results from Figure 4-10 and Figure 4-11.  In 

Figure 4-10 and Figure 4-11 it is impossible to differentiate fragments with aspect ratio less than 1:1 

from aspect ratios greater than 1:1.  I.e. in these figures it is assumed that the long side of a 

fragment is its length.  This may not be the case.  More detailed photographs of fragments created 

by a warhead will produce more accurate results. With the lack of any creditable figures for the 

average aspect ratio the average of the three results in Table 4-4 (1:1.6) is taken as the starting point 

for average aspect ratio. However, a range of aspect ratios is also considered to judge the sensitivity 

of the average aspect ratio. 
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4.5 Results Option 1 

4.5.1 The Mott distribution 

Figure 4-12 shows different aspect ratios used in the Option 1 model. The blue curves represent the 

Mott distribution and the red curves the enhanced Mott distribution.  The results indicate that as 

the average aspect ratio (width to length) increases to 1:1.6 the curves become similar.  For aspect 

ratios less than 1:1.6 there are a larger number of large fragments and fewer small fragment when 

compared with the Mott distribution.   For aspect ratios beyond 1:1.6 the reverse is true; there are 

more small fragments and fewer large fragments.  

Although the results shown in Figure 4-12 are a good representation of different aspect ratio 

executions, each execution contains many random results and it is possible to have some patterns 

divergent from those shown.  Incorporating an additional step in the model to generate three or 

four executions for a given aspect ratio and selecting the execution with the number of fragments 

closest to the figure created by the Mott distribution should eliminate most divergent executions. 

However, the overall execution time could double. 

Figure 4-12 Mott distribution with enhanced Mott distribution for different aspect ratios 
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Table 4-5 gives more details of variables in the model and indicates the values in each of the graphs 

for the enhanced Mott distribution.  The best aspect ratio is achieved when the number of 

fragments is almost the same as the number of Mott fragments.   

The distribution closest to the Mott distribution has an aspect ratio of fragments between 1.6 and 

1.7.  The 1.6 and 1.7 aspect ratio provided a correlation coefficient of 0.99.  However, because this is 

such a high value it is suspected that using a correlation coefficient is not the best way to compare 

completely these two distributions. 

4.5.2 Execution times 

No other similar simulations could be found to provide execution times.   It is difficult to calculate 

the average time to execute this contribution because the code contains several printouts.  The time 

to execute the complete simulation is set out in Chapter 7 and has an average value of 0.22 seconds, 

for 10 executions.  Information in MATLAB suggest printing can take up to 80% of code execution 

time.  So, an estimate of the execution time of this contribution is 0.10 seconds.  This code has not 

been optimised and so this time can probably be reduced. 

The timings for overall FEA simulations have already been provided in Section 3.7.3 and show that 

the execution time of FEA simulation are many times slower than the timing of the contribution 1 

simulation.    

number of 

circle 

fragments

total 

number of 

Mott 

fragments

total 

number of 

fragments 

in new 

model

length, 

width =1

number of 

circle 

fragments

total 

number of 

Mott 

fragments

total 

number of 

fragments 

in new 

model

ratio of 

width to 

length in 

model

40 2217 2305 1 65 2217 2214 1.7

34 2217 2331 1 63 2217 2209 1.7

61 2217 2271 1 52 2217 2257 1.7

average 45 2217 2302 1 average 60 2217 2227 1.7

54 2217 2245 1.5 66 2217 2243 1.8

49 2217 2268 1.5 57 2217 2228 1.8

42 2217 2309 1.5 46 2217 2300 1.8

average 48.33 2217 2274 1.5 average 56.33 2217 2257 1.8

60 2217 2203 1.6 67 2217 2181 1.9

46 2217 2275 1.6 63 2217 2209 1.9

55 2217 2259 1.6 61 2217 2196 1.9

average 53.67 2217 2246 1.6 average 63.67 2217 2195 1.9

Table 4-5 Values for different aspect ratios 



Page 94 

 

4.6 Results Option2 

4.6.1 The width of fragments 

Table 4-6,  uses the histogram in Figure 4-4 to extract estimated ordinate values, average abscissa 

values and cumulative probability values. 

 

 

Table 4-6 Table created from the histogram in Figure 3-21 

 
Fragment widths are calculated by multiplying column D by 𝐿0, whose value is available in Mott’s 
work.  The probability distribution for the width of fragments is shown in Column E.   Using this 
distribution and the value of 𝐿0 the circumference of the warhead can be partitioned into fragment 
widths.  These widths are selected randomly according to the probability distribution, using the 
cumulative distribution function and a random number generator.  Unfortunately, this accumulation 
of random circumferential fragments rarely equals the length of the circumference.  Therefore, it is 
necessary to make an adjustment to the length of the circumferential widths which is achieved by 
modifying the value of 𝐿0.   
  

Interval 
size 
Column A 

Abscissa 
value 
Column B 

Estimated 
ordinate value 
Column C 

Mid abscissa 
value of interval 
Column D 

Probability = 
ordinate*interval 
Column E 

Cumulative 
probability values 
Column F 

0.4 0.4-0.8 0.23 0.6 0.092  0     -   0.092 

0.4 0.8-1.2 0.58 1 0.232 0.093 -   0.324 

0.4 1.2-1.6 0.61 1.4 0.244 0.325 -   0.568 

0.4 1.6-2 0.61 1.8 0.244 0.569 -   0.812 

0.4 2-2.4 0.3 2.2 0.12 0.813 -   0.932 

0.4 2.4-2.8 0.13 2.6 0.052 0.933 -   0.984 

0.4 2.8-3.2 0.03 3 0.012 0.985 -   0.996 



Page 95 

 

4.6.2 Reverse engineer the Mott equation 

The first attempt to create fragments using Mott’s histogram to calculate the size of width of 

fragments failed.  Available research suggests there are initially about 20 circumferential fragments 

created in an explosion.  This is inconsistent with the average size of width fragments chosen in 

Option 1 and insufficient to satisfy Mott’s fragment distribution.  This suggests the original 

circumferential fragments probably divide further.  Consequently, the histogram was reduced in size 

until the number of fragments was similar in size to those in Option 1.  This meant a reduction in the 

size of width fragments to about one quarter of the size in the histogram.  

The complete reverse engineered equation is created with circumferential fragments by adapting 

the Mott histogram of the size of circumferential fragments.  The two plots are shown in Figure 4-13. 

To determine the accuracy of the new simulation to the Mott distribution the correlation coefficient 

between the two curve is calculated.  The correlation coefficient used to determine the “goodness of 

fit” between the Mott distribution and the new distribution is Pearson’s coefficient as outlined in 

Lee Rodger’s paper[136].  The calculated correlation coefficient gives a value of 0.9999 which 

indicates that the two distributions are almost identical.  This is to be expected as the Mott equation 

was engineered to create the mass of each of the fragments.  This suggests the “new distribution” is 

accurate with respect to experimental data concerning fragment mass and the distribution of 

fragments. 

Included in the simulation are instructions to calculate the aspect ratios of the fragments.  

Unfortunately, the aspect ratio graphs do not give similar results as the graph in Figure 4-8. This 

could indicate that the graph is inaccurate, or the results are inaccurate or perhaps a little bit of 

each.   There are two areas that require further investigation: 

A small number of large fragments appears in narrow “long strips”.  This gives large values 

for the length.  The aspect ratio for these fragments is therefore high.    These fragments are 

large fragments placed into the smallest widths.  This suggests a refinement of the model 

should place fragments with the largest masses only into the larger widths.  In addition, 

Figure 4-13 A comparison of Mott’s distribution and the new simulation distribution 
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there also needs to be a limit on the fragment length, although no problems were found 

when executing the simulation.  The maximum length can never be the length of the 

warhead.  Probably a suitable maximum length of a fragment is about 1/4 of the length of 

the warhead. 

Several small fragments gave a high aspect ratio.  This is a more difficult anomaly to address 

because of the high number of small fragments that give a small length and a high aspect 

ratio.  As some of the widths the fragments occupied were the smallest it suggests that the 

distribution shown in Figure 4-4 needs to be modified.   As Mott based his circumferential 

distribution of fragments on the work of Lineau who uses a Poisson distribution, the Poisson 

distribution was also used to create circumferential fragments.  Although the Poisson 

distribution achieved a more acceptable result for the aspect ratios for small fragments (and 

large fragments), further investigative work is required.     

4.6.3 Execution times 

Due to the inaccuracy of the aspect ratios and the size of circumferential fragments this test was not 

performed. 

4.7 Summary 

This contribution creates models to define better shaped fragments and indicates where on the 

casing they originate.  One of Mott’s two-dimensional fragment fracture diagrams was selected and 

this diagram indicates fragments are cuboid shaped. Two two-dimensional models were then 

considered to generate fragments. 

One model builds on the work of Lineau and Mott and uses Poisson probability distributions to 

create fragments.  The Poisson distributions use the average width and length of fragments obtained 

from work by researchers. The overall distribution of fragment weights is checked against the Mott 

distribution, which is considered to be accurate. An aspect ratio of fragments of 1:1.6 gave accurate 

results. 

The second model used a reverse engineered model of the Mott’s equation. In this model the 

average aspect ratio of fragments must be estimated.  This is done in several ways, using stress and 

strain information and two photographs of exploded shell fragments.  

The resultant distribution of fragment weights is checked against the Mott distribution and the 

distribution of the model’s aspect ratios checked against Mott’s aspect ratio distribution. This model 

created anomalies with the histogram of widths, indicating the average size of fragment width is too 

high.  It was also difficult to assign the fragment weights randomly to widths.  Consequently, the 

widths and weights were sorted and assigned sequentially. 
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5 Contribution number 2 - Initial fragment velocity  

5.1 Introduction 

Based on Gurney’s equation this contribution develops new equations to calculate the initial velocity 

of fragments for the cylinder and end plates.  This is achieved by using available experimental 

cylindrical explosion data to provide the equation of a graph that approximates the shape of this 

data.  

A current two-dimensional model is then modified using the shape of the experimental data and 

physical laws on the conservation of Momentum and Energy. In finalising the new equations, a 

parameter must be estimated by calculating the increase in the warhead’s casing radius.  This is 

achieved by averaging data from researchers’ published work. 

5.1.1 Experimental data 

In Section 3.3.8 is presented experimental data for the velocity of fragments along the length of 

warheads.  This is duplicated in Figure 5-1. 

5.1.2 The Gurney equation 

The Gurney equation was one of the first equations to estimate the initial velocity of fragments 

created in an explosion.  It has already been introduced in Section 3.3.8. and a copy of the equation 

is given in Equation 5.1:  

𝑉 = √2𝐸((𝑀 𝐶⁄ ) + .5)
−1/2

 (5.1) 

Where 𝑀 is the mass of the metal casing and 𝐶 is the mass of the explosive material. Since this 

equation was developed many researchers have looked at improving it.  One of the main drawbacks 

of the Gurney equation is it assumes an infinite length warhead, which means the warhead’s casing 
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Figure 5-1 Experimental fragment velocity along warheads 
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maintains its initial shape.   Lloyd introduced a modification to Gurney’s equation for a finite length 

warhead. Lloyd’s equation is shown in Equation 5.2, copied from Equation 3.14. 

𝑉

√2𝐸
= √(

𝐶

𝑀
) / (1 +

𝐷

2𝐿
) (1 +

𝐶

2𝑀
) (5.2) 

Where L is the length of the warhead and D is its diameter. The majority of enhancements to 

Gurney’s equation are one dimensional equations, with the most up to date equation provided by 

Huang[77]. Huang’s equation is shown in Equation 5.3. 

𝑉 = √2𝐸(1 − 0.361𝑒−1.111𝑥/𝑑)(1 − 0.192𝑒−3.03(𝐿−𝑥)/𝑑)((𝑀/𝐶) + 0.5)−1/2 (5.3) 
 

Where the original Gurney velocity equation consists of the first and last term, x is the distance 

along the warhead from the detonation, d is the diameter of the warhead and L is its length. 

A cylindrical warhead, detonated on its axis, is three dimensional and symmetrical about its axis.  

Because of its symmetry, the physics of momentum and Kinetic Energy as the explosive charge is 

activated can be treated as two dimensional.  This means the velocity of a fragment can also be 

treated as a two-dimensional problem.  

Only one paper, that calculates the initial fragment velocity in two-dimensions, has been discovered.  

This is the work by Breech[137]. 

5.1.3 Breech’s two-dimensional equation 

Breech [137] used a two dimensional  model to extend the original Gurney equation to include the 

end plate’s initial velocities. As with Gurney’s equation, Breech used the conservation of energy and 

momentum to provide the following equation:  

2𝐸 = (
𝑀1

𝐶
+ 𝐴2

𝑀2

𝐶
+

𝐴3 + 1

3(𝐴 + 1)
) 𝑉1

2 + (
𝑀𝑠

𝐶
+ .5) 𝑉2

2 

 
Where 𝑉1 is the velocity of the end plate fragments, 𝑉2 is the velocity of the 

cylindrical fragments, (
𝑀𝑠

𝐶
+ .5) 𝑉2

2 is a copy of the Gurney velocity, so 𝑉2 = 𝐺,   

and it is assumed that 𝑉1  is a constant times the Gurney velocity so 𝑉2 = 𝐴 𝑉1,    
 𝑀1  𝑎𝑛𝑑 𝑀2 𝑎𝑟𝑒 the mass of the detonation end plate and the non-detonation 
end plate respectively.  𝑀s  is the mass of the cylindrical casing and 
 

(5.4) 

𝐴 =
1 + 2(𝑀1 𝐶⁄ )

1 + 2(𝑀2 𝐶⁄ )
 (5.5) 

 

Simplifying Equation 5.4 by assuming the two end plates have equal mass means   𝑉2 = 𝑉1 and 

𝑠𝑜 𝐴 = 1.  This results in Equation 5.6: 

2𝐸 = (
2𝑀1

𝐶
+

1

3
) 𝑉1

2 + (
𝑀𝑠

𝐶
+

1

2
) 𝐺2 

(5.6) 
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The right-hand side of Equation 5.6 contains two parts with the first part being the one-dimensional 

Gurney equation for an explosive charge sandwiched between two parallel plates. The second part is 

the one-dimensional Gurney equation for a cylindrical warhead.  

5.2 Approach 

Using experimental data this thesis assumes the shape of the initial cylindrical fragment velocity for 

end-initiated warheads is as shown in Figure 5-2. Different researchers use different units to 

measure velocity so for consistency this thesis translates velocity units into mm/µsec (mmµs-1). 

Points A and C may change their ordinate values to create a flatter or steeper curve, depending on 

the initial warhead dimensions and the type of explosive material.  The thickness of the end plates 

will also affect the shape of the curve so for simplicity this thesis assumed that the end plates are the 

same thickness as the cylindrical warhead. 

To provide a simple model that represents this graph, two second degree polynomials are used.  

Three points on a second-degree polynomial are required to define a polynomial; so, for the two 

polynomials the three points are A, B, E and D, B, C as shown in Figure 5-3,  The curves A, B, E and D, 

B, C are symmetrical about the line X/L = 𝐵 and point C is at the abscissa X/L =1.  The curve A, B, C 

can then be represented by two second degree polynomials (the graphic shows the curve A, B, C 

aligning with two polynomials).   X/L = B defines where the curve has a maximum value 

(approximately .6 of the length of the warhead from the detonations end plate). 

Figure 5-2 Graph of experimental velocity of fragments 
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5.2.1 Cylindrical velocity a second - degree polynomial 

To establish the initial fragment velocities over the warhead a second-degree polynomial is solved 

for a, b and c where:   

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝑉𝑥 = −𝑎𝑥2 + 𝑏𝑥 + 𝑐 (5.7) 
 

To simplify the mathematics the cylinder casing is assumed to lie on the X/L axis between X/L = -B 

and X/L = 1 - B  i.e. the origin of the polynomials is assumed to be X/L =B  in Figure 5-3. 

This generic equation is solved to give the following equations: 

 

Where the initial velocity at points A and C is Gα and 0 <= α <= 1 i.e. the velocity of fragments at 

points A and C is a reduction of the Gurney velocity G. The velocity at the origin is G, the Gurney 

velocity, because observation of experimental data indicates the value of the initial velocity at point 

B approximates to the value of the Gurney velocity.  This is shown on each of the cited papers by 

Karpp [62], Charron [63], Grisaro [64] and Huang [77] where the initial Gurney velocity is also shown 

on the experimental data graphs.  The same data indicates that B has a value between 0.6 and 0.7.  

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = −
𝐺(1 − 𝛼)

𝐵2
(

𝑥

𝐿
)

2

+ 𝐺   𝑓𝑜𝑟 
𝑥

𝐿
≤ 0 

 

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = −
𝐺(1 − 𝛼)

(1 − 𝐵)2
(

𝑥

𝐿
)

2

+ 𝐺   𝑓𝑜𝑟 
𝑥

𝐿
≥ 0 

(5.8) 

Figure 5-3 Curve formed from two polynomials and including points A, B and C 
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This thesis uses the value of B = 0.65 because most experimental results indicate B has this value 

([62],[63],[64],[77]). 

5.2.2 Conservation of Energy 

Using similar physics models as both Gurney (for the 1-dimensional equation) and Breech (for the 

two-dimensional equation) the total Kinetic Energy of the Gas in the cylindrical casing is: 

1

2
∫ 2𝜋𝜌𝑟 (

𝑟

𝑅
)

2
𝑟=𝑅

𝑟=0

𝑑𝑟 ∫ (𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦)2

𝑋
𝐿

=1−𝐵

𝑋
𝐿

=−𝐵

𝑑 (
𝑋

𝐿
) 

 
(5.9) 

 

Where X/L is the dimension along the axis of the cylinder and r is in the direction of the YZ plane. 

Using Gurney’s model the velocity at distance r from the axis is given by 𝑉𝑟 = 𝑉𝑥/𝐿𝑟/𝑅,  𝑉𝑥/𝐿 is the 

velocity of the gas touching the casing, 𝜌 is the density of the explosive material, 𝜌 = 𝐶/𝜋𝑅2, 𝐶 is 

the mass of the explosive charge per unit length,  𝑉𝑟
2 = 𝑉𝑥/𝐿

2(𝑟/𝑅)2  and 𝑉𝑥/𝐿 is defined as the 

velocity in Equation (5.8). 

The solution to the above equation is  (𝐶/2)(𝐺2(8 + 4𝛼 + 3𝛼2))/30   

Similarly, the total Kinetic energy of the cylindrical casing can be calculated using the diagram shown 

in Figure 5-4. 

The Kinetic Energy of the cylindrical casing is 

1

2
∫ 2𝜋𝑅𝜌𝑡𝑉𝑥/𝐿

2𝑑(𝑥/𝐿)

𝑥
𝐿

=1−𝐵

𝑥
𝐿

=−𝐵

 

 

(5.10) 
 

Figure 5-4 The extended cylinder to calculate Kinetic Energy 
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Which is equal to  

1

2
𝑀 ∫ 𝑉𝑥/𝐿

2𝑑(𝑥/𝐿)

𝑥
𝐿

=1−𝐵

𝑥
𝐿

=−𝐵

 

 

(5.11) 

Where 𝜌 is the density of the metal casing and M is the mass of the cylinder per unit length 

Evaluating the integral gives a value 

(𝑀/2)((8 + 4𝛼 + 3𝛼2)/15)𝐺2  (5.12) 

 

When α = 1 the solution of the equation reverts to Gurney’s equation and the cylindrical part of 

Breech’s equation. 

5.2.3 Two-dimension equation for energy 

Assuming the Breech method to calculate the cylindrical and end plate fragment initial velocity [137] 

the two-dimensional equation linking energy (and momentum) becomes: 

𝐶𝐸 = (
2𝑀1

2
+

𝐶

6
) 𝑉1

2 + (
8 + 4𝛼 + 3𝛼2

30
) (

2𝑀

2
+

1𝐶

2
) 𝐺2 (5.13) 

 

The right-hand side of Equation 5.13 contains two parts; the first part represents the average energy 

in the X direction (the end plates) and the second part represents the average energy in the YZ plane 

(the cylindrical casing).  The energy on the left-hand side of the equation then needs to reflect these 

two distinct parts for the average energy released in an explosion. 

5.2.4 Lloyd’s adjustment to Mott’s two-dimensional equation 

Lloyd [138] provided a means of splitting the left hand side of Equation 5.13.  He assumed that the 

energy affecting the cylindrical part of the equation should be reduced by the area of the cylindrical 

part of the warhead charge/total area of the warhead charge: 

2𝜋𝑅𝐿

(2𝜋𝑅𝐿 + 2𝜋𝑅2)
=

1

(1 +
𝑅
𝐿)

 (5.14) 

 

Using the same theoretical basis as Lloyd, the energy that affects the end plates is the area of the 

end plate parts of the warhead charge/total area of the warhead charge and is: 

2𝜋𝑅2

(2𝜋𝑅𝐿 + 2𝜋𝑅2)
=

1

(
𝐿
𝑅 + 1)

 (5.15) 

 

This means that Equation 5.13 becomes 

𝐶𝐸 ∗ 1 (𝐿 𝑅 + 1⁄ )⁄ + 𝐶𝐸 ∗ 1 (1 + 𝑅 𝐿⁄ )⁄  

= (
2𝑀1

2
+

𝐶

6
) 𝑉1

2 + (
8 + 4𝛼 + 3𝛼2

30
) (

2𝑀𝑠

2
+

𝐶

2
) 𝐺2 

(5.16) 
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This equation now contains two distinct parts. On the left-hand side of the equation, energy in the X 

direction and energy in the YZ (or r) direction and on the right-hand side, energy in the X direction 

and energy in the YZ (or r) direction. 

This means Equation 5.16 can be represented as: 

𝐶𝐸

1 +
𝑅
𝐿

= (
8 + 4𝛼 + 3𝛼2

30
) (

2 ∗ 𝑀𝑠

2
+

𝐶

2
) 𝐺2 

(5.17) 

 

For the cylindrical part of the casing (“in the XY (or r) direction”) and as 

𝐶𝐸

𝐿
𝑅 + 1

= (
2𝑀1

2
+

𝐶

6
) 𝑉1

2 
(5.18) 

 

For the end plates (“in the X direction”). 

5.2.5 The velocity coefficient α 

To solve equation 5.17 the value of α must be determined. α has a value within the range 0 <= α <=1, 

where Gα is the value of initial velocity of cylindrical fragments on the end plates. The assumption 

used by Gurney and later by Breech about the velocity of the explosive material in the r direction 

(i.e. perpendicular to the axis) is given by: 

𝑉𝑟 = (𝑟/𝑅) ∗ 𝐺 (5.19) 
 

Where 𝑉𝑟 is the velocity of gas, r is the distance of the velocity from the axis, R is the radius of the 

explosive charge and G is the Gurney velocity.   

Both Gurney and Breech assumed the shape of the casing does not change after the activation of the 

explosive.  This thesis assumes the casing is changed by the explosive, so Equation 5.19 will have to 

be adapted. This may influence the value of α.   

5.3 Validation 

5.3.1 Accuracy of experimental data 

Available experimental data was checked against the accuracy of the enhanced Gurney equation. 

5.3.2 Estimate the value of α 

The value of α is not available in any experimental data. Methods to determine α need to be 

verified.  In this thesis the assumed value of α is verified against experimental data, however there is 

a margin of error, so the sensitivity of the estimated data is also enumerated.   

5.3.3 Verification of revised cylindrical Gurney equation 

The derived accuracy of Equations 5.17 and 5.8 is verified using two different methods. The accuracy 

of the calculation of the Gurney velocity, using Equation 5.17, is assessed by comparing the 

calculated values with researchers results.   The accuracy of Equation 5.8 is checked against 

experimental data provided by Karpp [62], Charron [63], and Grisaro [64] using a correlation 
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coefficient.  This equation is also checked against an up to date formula that provides the initial 

velocity of fragments.  

5.3.4 Verification of revised end plate Gurney equation 

The absence of experimental data means that Equation 5.18 cannot currently be verified. 

5.3.5 Estimate of the computer execution time 

An estimate of the computer execution time required to run the revised Gurney equation, the 

original Gurney equation and the Huang equation is provided. 

5.4 Results 

5.4.1 Accuracy of calculation of the maximum velocity in the enhanced equation 

Table 5-1 is assembled from available experimental results, which unfortunately shows that some 

values in papers do not reconcile and in some cases, information is not available. Comparing the 

values shown in columns E and F with the values shown in columns H and I indicate large differences 

can be identified. This is probably caused by the difficulty in measuring variables such as the initial 

velocity of fragments in an explosion or the difficulty to extract data from graphs. 

The values in column L are similar to the values shown in column H apart from the Waggener [139] 

experimental values. As the Waggener values are for centre detonated warheads some differences 

should be expected.  Otherwise this suggests column L is a good representation of the Gurney 

velocity, using a more detailed method (Equation 8.6 to evaluate it) and better results could be 

available with an improved value of 𝛼.   
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Table 5-1 Calculations of the Gurney velocity taken from some researchers 

Name of 
Researcher 

Type of 
Explosive 

√𝟐𝐄 
  

2E 
  

Value of 
Lloyd’s 
Change 

The value 
of the 
Gurney 
velocity 
from the 
cited 
papers 

The 
value of 
C/M 
from 
the 
cited 
papers 

M/C 
  

The 
value of 
L/D 
from 
the 
cited 
papers 

Calculate 
the 
Gurney 
velocity 
using 
Gurney 
equation 

Calculate 
M/C, 
from the 
Gurney 
velocity 

Calculate 
C/M, 
from the 
Gurney 
velocity 

Calculate 
the 
Gurney 
velocity 
using 
Lloyd’s 
change 

Calculate 
the 
Gurney 
velocity 
using 
equation 
(5.17) 

Maximum 
experimental 
velocity 
  

Charron Octol 2.8 7.8
4 

0.80 2.2 0.86 1.16 2 2.17 1.12 0.89 1.74 2.20 2.2 

Huang TNT50/R
DX50 

2.83 8.0
1 

0.77 1.55  N/A  N/A 2.60  N/A 2.83 0.35  N/A  N/A 1.45 

Grisaro TNT50/R
DX50 

2.83 8.0
1 

0.77 1.55  N/A  N/A 2.60  N/A 2.83 0.35  N/A  N/A 1.45 

Karpp TNT 2.44 5.9
5 

0.80 1.75 0.8 1.25 2 1.84 1.44 0.69 1.48 1.87 1.75 

Karpp Octol 2.8 7.8
4 

0.80 2.2 0.8 1.25 2 2.12 1.12 0.89 1.69 2.15 2.2 

Waggener CompB 2.7 7.2
9 

0.67 2.2 1.55 0.65 1.02 2.52 1.01 0.99 2.02 2.34  N/A 

Waggener CompB 2.7 7.2
9 

0.69 1.6 0.55 1.82 1.13 1.77 2.35 0.43 1.42 1.67  N/A 

Column 
A 

Column 
B 

Column 
C 

 
Column  
D 

Column  
E 

Column  
F 

 
Column  
G 

Column  
H 

 
Column  
I 

Column  
K 

Column  
L 

  

     The 
Gurney 
constant 

  Use G 
for the 
value of 
L/D 

        Use C for 
the 
Gurney 
constant 
and F for 
C/M 

  Use C for 
Gurney 
constant 
and E for 
Gurney 
velocity 

Use C for 
Gurney 
constant, 
F for C/M 
and G for 
L/D 

    

The  Waggener unit values are taken from the paper set out in [139].
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5.4.2 Estimate the value of α  

As the expanding casing fragments, this thesis assumes the maximum radius of the warhead is RE. 

Because the Gurney equation is a good approximation of the initial fragment velocity (in the centre 

of the warhead) the density of the explosive material is reduced by (𝑅/𝑅𝐸)2 to maintain the form of 

the original Gurney equation.  

Equation 5.19 becomes: 

𝑉𝑟 = 𝐺 ∗ 𝑟/𝑅𝐸  (5.20) 
 

From Figure 5-5 the velocity in the r direction at A (the end plate) is 𝑉𝑟where:   

𝑉𝑟 = 𝐺 ∗ 𝑅/𝑅𝐸 = 𝛼𝐺 (5.21) 
  

The red line represents the expanded casing and the grey lines the extent of the expanding gas. So, 

R/RE = α and therefore the value of α depends on the ratio of R/RE, for which there is little published 

information. This ratio may not be a constant but may depend on variables such as the type of 

explosive and the thickness of the casing.   

Researchers have provided a limited number of values for this ratio.  However, there is experimental 

data from Victor [24] who mentions that the case expands by 1.6 to 1.8 times its original warhead 

radius, where the original warhead radius is equal to the explosive radius plus the thickness of the 

casing.  Karpp [62] indicated a ratio of 1.75 for steel casings.  Hoggat and Recht predicted the 

fracture radius for steel tube to be 1.74 times the initial radius [140]. Bauer indicated a rate of about 

1.8 [141]. Singh showed a figure of between 70% and 160% and there were even cases of 300% 

[140].  However, this was for copper or aluminium, so the figures are probably too high for steel. 

In this contribution the ratio of R/RE is set to 1/1.6 = 0.625. This value (RE=1.6) is chosen because it is 

more closely agreed with by experimental results.  If RE is greater than 1.6 the ratio of R/RE would be 

Figure 5-5 The extended cylinder to calculate α 
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reduced.  However, the above experimental values have ignored the expansion of the casing at point 

A. Because of the expansion of the casing at point A the ratio of R/RE will change to R’/RE where R’ is 

the expanded value at point A, which will be greater than the value of R/RE. More work in the 

underlying physics at point A is required to resolve this issue, which is beyond the scope of this work.  

5.4.3 Sensitivity of the value of α 

The term that defines the sensitivity of α is: (
8+4𝛼+3𝛼2

30
) which takes values between 8/30 and 1/2 

for the minimum and maximum values of α. However, in the experimental results provided by 

various researchers the range of α is from 0.372 for the smallest largest α to 0.389 for the largest α 

and even when the maximum expansion is 2.1 times the original radius the value of α is 0.353. The 

sensitivity is small. 

5.4.4 Correlation between Equation 5.8 and experimental data 

The comparison between Equation 5.8 and experimental data are set out in Figure 5-6.    The 

correlation coefficient used to determine the “goodness of fit” between the experimental and 

calculated velocities is Pearson’s coefficient as outlined in Rodger’s paper [136].  This coefficient has 

a value between -1 and 1 where the value of 1 indicates an exact positive correlation and -1 

indicates an exact negative correlation.  There is good correlation between experimental and 

calculated results. In each of the four experimental results the correlation coefficient is greater than 

0.85.  This shows the revised Gurney equation accurately follows the experimental results.  

The results using Equation 5.8 show the calculated fragment velocities are an improvement on the 

Gurney velocity. Significantly, this approach allows for a variation in fragment velocity over the 

length of the warhead. 

The result of this work is the production of three equations; Equation 5.8 – to calculate variable 

fragment velocities, Equation 5.17– to calculate a revised Gurney velocity and Equation 5.18 – to 

calculate the velocity of end plate fragments.  
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5.4.5 Comparison with the Huang equation. 

Figure 5-7 Comparison of experimental data, Huang calculation and Equation 5.8 calculation shows 

that the three sets of data are similar.  Huang’s equation was created using initial velocity data, 

including the value of the initial velocity at the two end plates, and fitting this data to an exponential 

curve using least squares of the distance between the curve and experimental data.  It is therefore 

expected that the resultant curve would accurately follow experimental data. 

Equation 5.8 was compared with Huang’s equation using the sum of the absolute distances between 

the experimental data and the two curves. The distances for the two curves were almost identical, 

which indicates that Equation 5.8 and Huang’s equation have similar results. The “two  

sample Kolmogorov-Smirnov goodness of fit test” [142], also identifies that the results produced by 

Equation 5.8 and Huang’s equation are similar. However, there are some variations; Figure 5-7 

shows Huang’s equation has a better correlation at the detonation end of the warhead, whereas 

Equation 5.8 is better at the opposite end.  

5.4.6 Computer execution times revised Gurney and Huang equation 

Both equations were executed in MATLAB 50,000 times, to get an average run time. The average 

execution time for one cycle is then calculated with the average time taken to calculate the initial 

velocities being 0.3544 seconds. This means the approximate additional time to calculate velocities 

for the revised Gurney algorithm is 35.44 microseconds.  

The algorithm is compared with the speed of the equation shown in Huang’s paper [77], using the 

formula: 

𝑉(𝑥) = (1 − 0.361exp (−1.11 𝑥/𝑑)(1 − 0.192 exp (−3.03 (𝑙 − 𝑥)/𝑑))  (5.22) 
 

Where V(x) is the correction at position x, x is the distance from the detonation end, d is the 

diameter of the charge and l is the length of the casing.   Huang’s equation gave an average 

execution time of 0.4002 seconds, over 5 runs.  This means the additional time to calculate the 

velocities is 40.02 microseconds. 
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This shows the revised Gurney velocity equation, with 15 elements, is comparable to a similar 

equation.   It is marginally slower than the original Gurney equation but by less than 1/10 of a 

millisecond. 

5.5 Summary 

This contribution develops an enhanced Gurney equation to calculate the initial and maximum 

velocity of fragments in a cylindrical explosion. Available experimental data is used to provide the 

equation of a graph that approximates this data. An available two-dimensional model that calculates 

the initial velocity of fragments is modified using the shape of experimental data and the physical 

laws of conservation of Momentum and Kinetic Energy. Information on the amount of expansion of 

the warhead’s casing was used to provide the value of a parameter used in the equations. Three 

equations are developed; to calculate the initial velocity of fragments along the length of the 

warhead and to calculate the maximum velocity of fragments in the cylinder and end plates. 

The final equations were verified against available experimental data.  The equation to calculate the 

initial velocity of fragments along the length of the warhead has high correlation coefficients with 

experimental data which indicated the new equation is accurate.  The original Gurney equation has 

much lower correlation coefficients against experimental data which indicated the new equation is 

more accurate than the original Gurney equation.  

The equation to calculate the initial velocity of fragments along the length of the warhead was also 

tested against a recent one-dimensional equation that calculates initial velocities. The two equations 

were similar in terms of their correlation coefficients. 

The equation to calculate the maximum initial velocity provided similar results to current equations, 

indicating the new equations are not reducing functionality.  

The speed of the new enhanced equation was also tested again the Gurney equation and a recent 

equation to calculate the initial velocity of fragments. The new equation was faster than the recent 

equation but slower than the original Gurney equation.  
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6 Contribution number 3 - Angle of projection of fragments 

6.1 Introduction 

This contribution develops an enhanced Taylor equation, based on Taylor’s original equation to 

calculate the initial angle of projection of fragments created by a cylindrical explosion. The enhanced 

Taylor equation improves Taylor’s equation by ensuring the shape of fragments is similar to the 

shape of experimental data fragments. Also, Taylor’s equation is modified using the results of 

contribution number 2 that determines the initial velocity of projection of fragments.  

By adapting the work of Carlucci the effect of the expanding casing on the angle of projection of 

fragments is also included. Carlucci [41] provides information about the shape of the expanding 

casing that changes the initial angle of projection of fragments.  The shape of the expanding casing is 

estimated using available explosion simulations and high-speed photographs to develop an equation 

using the physics of gas pressure. This equation is then incorporated into the final enhanced Taylor 

equation. 

6.1.1 Experimental data 

Section 3.3.10 presented experimental data for the initial angle of projection of fragments along the 

length of warheads  This is duplicated in Figure 6-1 which shows experimental data for the initial 

angle of projection of fragments over the length of the warhead from four researchers (Charron [63], 

Karpp [62], Konig [81] and Predebon [82] . The detonation of the warheads is at the origin of axis 

X/L.  

Figure 6-1 Experimental data from four researchers 
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6.1.2 The initial equation to calculate the initial angle of projection of fragments 

The Taylor equation was one of the first equations to estimate the initial angle of projection of 

fragments. It has already been introduced in Section 3.3.10 and the equation, known as the Taylor 

angle, is: 

sin ∅ = 𝑉/2𝑈 (6.1) 
 

Where ∅ is the initial angle of projection measured from the normal to the casing at the point where 

the fragment is projected,   𝑉 is the initial velocity of the fragment and  𝑈  is the detonation velocity 

of the explosive.  

Taylor’s equation is accurate for fragments near the centre of the warhead. Since Taylor derived his 

original equation several researchers have made modifications.  Unfortunately, many of these 

equations have not been verified with empirical or experimental results. 

One of the latest equations is provided by Wang [87] who enhanced the equation from Fils [87].  Fils 

considered the situation where the warhead’s radius is not constant and provided the following 

formula: 

 δ = (𝑉 2𝐷⁄ ) − (1 2⁄ )𝜏𝑉′ + (1 4⁄ )𝜏′𝑉 (6.2) 
 

Where 𝜏 is the time for which the fragment is accelerating, primes denote spatial derivatives along 

the length of the warhead (i.e.,  𝑉′ = 𝜕𝑉/𝜕𝑙)  and 𝑙 is the coordinate along the length of the 

warhead,  𝛿  is the initial angle of projection and 𝑉 is the initial velocity of the fragment.  Wang 

simplified and updated this formula [87]. 

Wang considered the effects of rarefaction and blast waves which she supposed affected the value 

of τ [87].  She performed various experiments using the Generalised Interpolation Material Point 

(GIMP) method and eliminated the final term in Equation 6.2 to create the following equation: 

 δ = (𝑉0 2𝐷⁄ ) − (1 2⁄ )𝜏𝑉0
′ (6.3) 

 
Where 

𝜏 = (            
 0.15𝑑 − 15(𝑥 𝑙⁄ 0.32 − 1⁄ )                0 ≤ 𝑥 𝑙 ≤ 0.32⁄

0.15𝑑                                               0.32 ≤ 𝑥 𝑙 ≤ 0.85⁄

0.15𝑑 + 5 0.15⁄ (𝑥 𝑙 − 0.85⁄ )         0.85 ≤ 𝑥 𝑙 ≤ 1⁄
) (6.4) 

 

and 𝑑 is the diameter of the warhead measured in mm, 𝑙 is the length of the warhead and 𝑥 is the 

distance from the detonating end plate.   Chou [86] presented an exponential acceleration model to 

describe the acceleration history of the fragment as: 

𝑉 = 𝑉0(1 − exp(𝑡 − 𝑇)/𝜏) (6.5) 
 

Where V is the fragment velocity at time 𝑡,  V0 is the initial fragment velocity and 𝑇 is the time the 

detonation wave arrives at the casing. This equation was considered difficult to test.   

Two FEA researchers use the Shapiro equation to estimate the initial angle of projection of 

fragments. As FEA results are can provide accurate results, the revised Taylor equation is compared 

with Sharipo’s equation. 
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6.2 Approach 

6.2.1 The shape of experimental data for the initial angle of projection of fragments 

Using experimental data this thesis assumes the shape of initial angle of projection of fragments for 

end-detonated cylindric warheads is as shown in Figure 6-2. The shape of the graph assumes the 

initial angle of projection is negative near the detonation, positive at the opposite end of the 

warhead and constant and positive around the centre of the warhead (line C).  The positions of A 

and D may change depending on factors such as the warhead’s dimensions and the type of explosive 

charge. The position of B is the intercept of the curve with the X axis. 

This thesis enhances Taylor’s equation by examining the original variables (V and U) used by Taylor, 

together with variables such as the shape of the expanding casing and its effect on the angle of 

projection. One of Taylor’s initial assumptions about the creation of fragments when the detonation 

wave hits the casing is also examined. Overall, the steps taken are:   

1) To improve the initial velocity of a fragment using an equation that depends on the 
fragment’s axial position. 

2) To estimate the shape of an expanding casing using the physics of gas pressure contained in 
the casing.  

3) To include the effect of the expanding warhead’s casing on the initial angle of projection. 
 
These areas are discussed in more detail in the following sections. 

Figure 6-2 Graph of experimental data to represent the initial angle of projection of 
fragments 
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6.2.2 Improve the initial velocity of a fragment 

The Gurney velocity, which is a constant velocity for all warhead fragments, is often used in Taylor’s 

equation as the fragment velocity.  However experimental data, of the initial velocity of a fragment, 

shows this velocity is too high for fragments created near to the warhead’s end plates.  A reasonable 

formula for the variation of this velocity is given in Felix’s paper [143].  Taylor’s equation is modified 

to include variable initial fragment velocity by adapting Felix’s formula.   This creates the Modified 

Taylor Angle (𝑀𝑇𝐴) for the initial angle of projection as: 

𝑀𝑇𝐴 = −(𝑇𝐴(1 − 0.65)/0.62)(𝑥 − 0.6)2 + 𝑇𝐴                  If 0.6 >= x >= 0 
𝑀𝑇𝐴 = −(𝑇𝐴(1 − 0.65)/(1 − 0.6)2)(𝑥 − 0.6)2 + 𝑇𝐴      If 0.6 <= x <= 1 

(6.6) 

 

Where 𝑇𝐴 is Taylor’s initial angle of projection using the assumption that the maximum initial 

fragment velocity is equal to the Gurney velocity.  The value 0.65 is derived from the work of several 

researchers and discussed in Felix’s paper.  It represents the fraction of the Gurney velocity for the 

velocity of fragments at the end plates (i.e. the Gurney velocity multiplied by 0.65).  The variable 𝑥 is 

the distance of the fragment from the detonation end plate divided by the length of the warhead. 

Felix also uses the work of several researchers to determine the position of the maximum fragment 

velocity (and by implication the Taylor angle of projection) at a point 0.6 of the length of the 

warhead from the detonation (referred to as point M in this thesis). 

6.2.3 Estimate the shape of an expanding casing 

There is little research that identifies how a cylindrical casing changes during an explosion.  Papers 

from  Zhao [83], Lu [144] and Rushton [145] indicate that the cylindrical casing does not expand 

uniformly but forms a three dimensional convex shape, viewed from outside the casing.  Figure 6-3 

and Figure 6-4 give an indication of the shape of the expanding cylinder [83, 144].  These figures also 

indicate that the maximum expansion is near the centre of the warhead.  A paper by Cullis also 

provides a high-speed photograph that indicates  major cracks along the full length of the thick 

walled cylinder can be observed [35], however the shape of the exploding cylinder is not well 

defined.  

 
 

Figure 6-3 Xray radiographs showing the expansion of a 32mm shell [83] 
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Simulations are not an ideal method to determine how explosive cylindrical casings expand.  
However, providing the simulations obey the laws of physics, for the casing and the explosive, they 
can provide a possible indication.  In Figure 6-5 Kong’s simulation gives an example of an exploding 
cylindrical warhead [39]. This figure shows the expansion and rupture of the metallic casing at 
different times.  For each of the images the size of the expanding casing is presented in mm and 
images are reduced to fit the frame as the simulation progresses. Babu’s simulations also give similar 
results for an exploding cylindrical warhead [133] and agrees with the shape of the expanding 
warhead in the research from Lu, Zhao and Rushton.   Kong and Babu indicate that long axial 
fragments are first formed by the explosion. 
 

  

Figure 6-4 Lu and the changing shape of an exploding cylinder [144] 

Figure 6-5 Simulation of the breakup of a cylindrical casing [39] 
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A photograph of the shape of a containment cylinder after an explosion also provides some evidence 

of case expansion [145] (Figure 6-6). 

 

This thesis assumes the casing forms a continuous curve just before it breaks up (as shown in  

Figure 6-3 and Figure 6-4).  The shape of the expanded warhead is assumed to have a maximum 

expansion at a length of 0.6 of the total length of the warhead from the detonation and a minimum 

expansion at the warhead’s end plates.  This is also the shape yielded by Grisaro’s simulation [64].  

Define the shape of an expanding casing 

There are few scientific papers that define the shape of an exploding cylindrical casing, with Taylors 

paper providing one example [146].  This paper defines the shape of an exploding casing using the 

following approach.  

The shape of the expanding casing is assumed to be caused by constant pressure within the 

cylindrical casing, as shown in Figure 6-7.  Pressure is perpendicular to the outer edges of the casing 

and caused by the rapid detonation of the explosive, to create heat and a vast amount of gases [38] 

[26]. In this thesis the distance between the end plates C1, C4, and C2, C3 is assumed to be 1.  This is 

because this thesis uses an X axis with measurements equal to the distance from the detonation 

divided by the length of the warhead.  

Figure 6-6: Shape of a containment cylinder after an internal 
explosion [145]. 
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The positions C1, C2, C3 and C4 are fixed during the explosion because no experimental data on the 

expansion at these points can be found, therefore, no expansion is assumed.   

In Figure 6-7 the vertical pressure will push the cylinder wall between C1 and C2 and force the casing 

to expand. The heat and pressure will eventually plasticise the metal forcing it to increase in length 

and expand further.   As discussed, in the beginning of this section, long, axial strings are formed.  

Figure 6-8 shows a long axial string formed from part of the expanding casing between C1 and C2.  

Under these conditions the equation of the casing will form a catenary as explained in several 

papers, including Lewis’ paper [147].  Xi  also reviewed the shape of metallic beams under explosion 

conditions [148] and concluded their shape is a catenary. For clarity, this figure shows the expansion 

at the top of the casing although the expansion will be symmetrical about the central axis of the 

cylinder. 

Figure 6-8 A long string forms on the casing 

Figure 6-7 Constant pressure inside casing 
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The equation of a catenary is 𝑦 = 𝑎cosh(𝑥/𝑏), where 𝑎 = 𝑇/𝑃𝑡 and 𝑎/𝑏 = 1.  Where T is the 

tension in the catenary and t is the width of the long string. Xi  also reviewed the shape of metallic 

beams under explosion conditions [148] and concluded their shape is a catenary 

Three points are required to define the catenary created by the exploding cylinder. These are the 

position of the end plates C1 and C2 and the position of the maximum expansion of the cylinder. 

The effect of the horizontal pressure now must be included to define the final shape of the 

expanding casing.  For the red curve of Figure 6-9 from C1 to the maximum expansion of the 

warhead, the pressure is exerted to the left and from the maximum expansion of the warhead to C2 

the pressure is exerted to the right.  This suggests the final shape of the casing, given the fixed points 

mentioned above, is shown as the blue curve in Figure 6-9. This shape is similar to the shape of 

exploding warheads in photographs provided by Lu and Kong.  Kong’s simulated photographs 

indicate that there is a perturbance as the “flattened” part of the casing expands further and gases 

escape.  This expansion is excluded in this thesis. 

The function that includes horizontal pressure must have the same values as the original cosh 

function (created by the vertical pressure P) at the end plates and at the point of maximum 

expansion. This function is symmetrical about the “Y” axis passing through the point of maximum 

expansion (i.e. it is an even function). 

Providing the above assumptions are accepted there are probably many functions that are of the 

form of this new even function. As a cosh function is an even function the new function is assumed 

to be a cosh function.  Cosh(x) satisfies the shape of long string fragments with pressure in the 

vertical direction, so the function cosh(x2) is considered for pressure in two orthogonal directions.   

To simplify the mathematics the cosh equation is given horizontal and vertical translations so that 

the curve lies between x=0 and x=1 and is positive.  Its values are less than or equal to the maximum 

expansion of the casing and its value at the points C1 and C2 is zero (i.e. there is no expansion). The 

maximum expansion of the casing is estimated to be at a distance M (0.6) of the length of the casing 

from the detonation [143]. Because of this assumption the curve representing the expanding casing 

Figure 6-9 Casing expansion with equal horizontal and vertical pressure 
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is an amalgamation of two cosh curves that meet at point M ( see the paper cited as [143] for the 

explanation of this requirement).  The cosh curves are: 

 

  y − 
0.33cosh(M2)

cosh(M2) − 1
= −(0.33 −

0.33𝑐osh(M2)

cosh(M2) − 1
) ∗ (𝑐osh((𝑥 − M)2)   

                                                                                                          when 0 <=  x <= M 

  y − 
0.33cosh((1 − M)2)

cosh((1 − M)2) − 1
= −(0.33 −

0.33𝑐osh((1 − M)2)

cosh((1 − M)2) − 1
) ∗ 𝑐osh((𝑥 − M)2)   

                                                                                                          when M <= x <= 1   
 

 
 
 
(6.7) 

cosh(M2) and cosh((1 − M)2) and many other terms in the expansion of the equations with respect 

to x are irrational numbers which reduces the computer execution time of this function.  However, 

cosh(x2) can be represented by the series:   

1 +
𝑥4

2!
+  

𝑥8

4!
 +  higher terms   

In the interval 0 <= x <=  1 cosh(x2) can be approximated by a quartic equation (Table 6-1 shows the 

rounded small differences between these curves) and the execution time of a quartic equation is 

three times faster than the execution time of the cosh(x2) curve; verified using MATLAB.   

Table 6-1 The difference between cosh and quartic curves to 4 decimal places 

Value of 
x 

Cosh curve 
for  
0 <= x <= M 

Quartic 
curve for  
0 <= x <= M 

Difference 

  

Cosh curve 
for  
M <= x <= 1 

Quartic 
curve for  
M <= x <= 1 

Difference 

0.0000 0.0000 0.0000 0.0000         

0.1000 0.1717 0.1709 -0.0008         

0.2000 0.2654 0.2648 -0.0006      

0.3000 0.3096 0.3094 -0.0002      

0.4000 0.3260 0.3259 -0.0001      

0.5000 0.3297 0.3297 0.0000      

0.6000 0.3300 0.3300 0.0000   0.3300 0.3300 0.0000 

0.7000      0.3287 0.3287 0.0000 

0.8000      0.3094 0.3094 0.0000 

0.9000      0.2257 0.2256 -0.0001 

1.0000      0.0000 0.0000 0.0000 

 

Table 6-2 gives the equations of the quartic curves that approximates the curves shown in Equation 
(6.7) 

  



Page 119  

Table 6-2: The equation of the quartic curves 

 Formula from the detonation point to 
M, 6/10 of the length of warhead 

Formula from M,  6/10 of the length of 
warhead, to the non-detonation end plate 

Quartic 
equations 

 

𝑦 = (−0.33/(𝑀)4)(𝑥 − 𝑀)4 + 0.33  
 
Where M is the position of maximum 
initial velocity (approximately 0.6 of the 
length of the warhead from the 
detonation end plate) 

𝑦 = (−0.33/((1 − 𝑀))
4

) (𝑥 − 𝑀)4 + 0.33  

6.2.4 Include the effect of the expanding warhead’s casing 

Carlucci [41] indicated that the Taylor equation should be adjusted to cater for different shaped 

warheads.  In this he assumed the Taylor equation includes the angle the tangent of the casing 

makes with the horizontal axis. Although Carlucci’s approach to calculating an adjustment to the 

Taylor angle of projection is investigated in this thesis other researchers such as Szmelter [84], 

Tanapornraweek and Kulsirikasem [44] and Chen [68] directly or indirectly, in their equations to 

calculate fragment angle of projection, also include the tangent the casing makes with the horizontal 

axis. 

Figure 6-10 indicates the proposed shape of an expanding warhead casing for a warhead detonated 

at one of the end plates.  By utilizing Carlucci’s logic, between the detonation point and where the 

expansion is a maximum, the fragment’s initial angle of projection is assumed to be reduced by the 

Figure 6-10 An expanding explosive case 
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angle of the tangent (for example by α1 at point A2, as shown in Figure 6-10.  Beyond the casing’s 

maximum expansion, the fragment’s initial angle of projection is increased by the angle of the 

tangent (for example by α2 at point B2, as shown in Figure 6-10).    

In defining the shape of the expanded casing, the ratio of length over diameter (L:D) influences the 

final shape of the casing.   In this thesis it is assumed the L:D ratio is greater than  0.5:1. An 

expanding warhead’s casing with a ratio less than or equal to 0.5:1 may form a different shape 

because the exploding charge will reach the end plates before it reaches the cylindrical casing.  

This contribution assumes a L:D ratio of 1:1 which will cater for cylindrical warheads where L:D is 

greater than 0.5:1. This is so because, in this thesis,  X axis values are defined as the distance from 

the detonation divided by the length of the warhead ( i.e. values from 0 to 1 inclusive).  

The publications referenced here employ L/D ratios greater than 0.5:1. Charron [63], Karpp [62], Lu 
[144] and Konig [81] use a ratio of 2:1, Predebon [82] uses 1:1, and Cullis [35] uses 1.3:1.  

The Taylor equation is based on “initial fragment velocity / velocity of detonation”.  After detonation 
the explosive charge is converted into gases and heat which force the casing to expand, and so 
“velocity of detonation” is changed to “velocity of the explosive gases”. In Taylor’s paper [146] he 
shows that as the velocity of explosive gases increases the case expands and at maximum case 
expansion,  the velocity of the explosive gases is almost the same as the detonation velocity.  
Employing the same logic that Taylor used to develop his equations Taylor’s equation is identical for 
an expanding warhead casing with the detonation velocity replaced with explosive gas velocity. 

Using the observation in Carlucci [41] and the result in Figure 6-10 the initial angle of projection 
depends on the angle of the tangent to a curve which is determined by the first derivative of the 
curve.   

6.2.5 Estimate the initial angle of projection 

The graph shown in Figure 6-2 resembles a cubic curve and a cubic curve requires 4 points (A, B, a 

point on line C and D) to define it. 

Points A and D in Figure 6-2 

No published data can be found to enumerate the values of the initial angle of projection at either of 

the end plates.  So it is not possible to check the calculated values against experimental data. 

Point B in Figure 6-2 

Experimental data shows that point B ( the intercept with the x axis) is approximately at a distance of 

0.2 from the detonation (Karpp [62], Charron [63], Konig [81] and Predebon [82]).  At point B the 

initial angle of projection is zero degrees i.e. it is at right angles to the axis of the warhead.  This 

means the value of the Taylor angle at point B and the effect of the casing, must have a zero-net 

effect. This is achieved if the angle created by the expanding casing divided by the Taylor angle is set 

to 𝜆.  For consistency this must be true for all angles. So, the value of all angles generated by the 

expanding casing needs to be divided by 𝜆.  

The value of 𝜆  at point B has a value of approximately 3 and this thesis assumes there is no 
expansion of the casing at the warhead’s end plates. If there is expansion at the end plates then the 
greater the expansion, the greater the reduction in the value of  𝜆. It is estimated an expansion of 
about 20% at the end plates will give a value of 𝜆 = 1.  The value of 𝜆  is probably due to a 
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difference in the physical model used by Taylor (for the detonation wave) and the physics of an 
expanding case (expanding gases and rarefaction waves). More work in the underlying physics is 
required to resolve these issues, which is beyond the scope of this work.  

Line C in Figure 6-2 

In Figure 6-2 the value of the initial angle of projection for line C is shown as the value of the Taylor 

angle.  Experimental data from Karpp [62], Charron [63], Konig [81] and Predebon [82] shows this is 

a very good approximation. 

6.2.6 Investigating the enhanced Taylor equations 

The enhanced Taylor equation consists of the three proposed improvements identified in Section 

6.2.1. 

1. To improve the initial velocity of a fragment using an equation that depends on the 
fragment’s axial position 

2. To estimate the shape of an expanding casing using the physics of pressure of gases 
contained in the casing  

3. To include the effect of the expanding warhead’s casing on the initial angle of projection 
 
The following enhanced Taylor equations, two cubic equations formed from differentiating the 

equations in Table 6-2, are examined against the published experimental results. 

 
𝐴𝑛𝑔𝑙𝑒 = (180/(πλ))tan−1(−(4/3)(𝑥 − 𝑀)3/𝑀4) + 𝑀𝑇𝐴                    
                                                                                                                                 If 0 <= x <= M; 
 
𝐴𝑛𝑔𝑙𝑒 = (180/(𝜋λ))tan−1(−(4/3)(𝑥 − 𝑀)3/(1 − 𝑀)4) + 𝑀𝑇𝐴       
                                                                                                                                 If 1 >= x >= M  
 
 

 
 
 
 

(6.8) 

Where 𝐴𝑛𝑔𝑙𝑒 is measured in degrees and the term 180/𝜋 assumes the value of the tangent is in 
radians.  If this is not the case this term can be omitted.   

6.3 Validation 

6.3.1 The shape of the enhanced Taylor equation 

The enhanced Taylor equation is compared with experimental data, using a correlation coefficient.  

As well as comparing the equation with experimental data it is compared with a well know current 

equation that calculates the initial angle of project of fragments. 

6.3.2  The speed of the enhanced Taylor equation 

The speed of the enhanced Taylor equation is compared with the speed of a recent equation 

(Shapiro) and the original Taylor equation. 

6.4 Results 

6.4.1 The equation to estimate the shape of the expanding casing 

Table 6-3 shows the correlation coefficients of the cubic curves, in Equation (6.8) against 

experimental data.   
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Table 6-3 Correlation coefficients for curves against experimental data 

Author of paper Correlation 
coefficient for  
Cubic curve in 
Equation (6.8) 

Charron 0.88 

Karpp 0.95 

Konig 0.93 

Predebon 0.96 

Average correlation 
coefficient for the curve 

0.93 

 
The correlation coefficient used to determine the “goodness of fit” between the experimental and 
calculated angles of projection is Pearson’s coefficient as outlined in Rodger’s paper [136].  This 
coefficient has a value between -1 and 1 where the value of 1 indicates an exact positive correlation 
and -1 indicates an exact negative correlation.  There is good correlation between experimental and 
calculated results. In each of the four experimental results the correlation coefficient is greater than 
0.87.   
 
For the cubic curve the standard errors of the correlation coefficients are: 
 

Table 6-4 Standard Errors for cubic curve 

Author of 
paper 

Correlation 
coefficient 
for cubic 
curve 

Standard 
Error 
  

Charron 0.88 0.036 

Karpp 0.95 0.036 

Konig 0.93 0.024 

Predebon 0.96 0.019 

 
This shows the correlation coefficients are accurate. The final enhanced Taylor angle is given by 
Equation (6.8). 
 

6.4.2 Compare the enhanced Taylor equation with experimental data 

The results of comparing experimental data with Equation 6.8 are set out in Figure 6-11. The blue 

points represent the experimental data and the red curve represents the calculated enhanced Taylor 

equation. In each of the four experimental results the correlation coefficient is greater than 0.88.   
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Although the results appear to be accurate, it must be pointed out that the experimental data had to 

be extracted from a small set of graphical results, the Taylor angle had to be estimated and the 

equation of the expanded casing had to be investigated.  If these variables can be improved the 

results can be better estimated. 
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For comparison, we examine the accuracy of our reference case against work by Tanapornraweekit 

using Shapiro’s equation (Equation 3.24, introduced in Section 3.3.10 above. The comparison is for 

two sets of experimental data that produce the lowest and highest correlation coefficient; 

Predebon’s and Charron’s data.  The results are shown in Figure 6-12 and Figure 6-13. 

As shown in the charts, Shapiro’s equation is reasonably accurate in the centre of the warhead but 

lacks accuracy near the end plates.  Predebon’s data has a correlation coefficient of about 0.73 and 

Charron’s about 0.62.   

The original Taylor equation is a straight line parallel to the X/L axis. When compared with 

experimental results, it has a correlation coefficient that cannot be estimated because its standard 

deviation is zero.  Making a small adjustment to the straight line gives a correlation coefficient of 

about 0.3, indicating limited correlation with experimental results. 

The comparison with Shapiro’s and Taylor’s equations indicates that the enhanced Taylor equation is 

more accurate overall. 
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6.4.3 Execution times 

In order to gauge the relative computational performance of the equations studied here (Taylor, 

Shapiro and Enhanced Taylor), we perform a comparative computer execution. Each equation is 

implemented in a MATLAB function and is executed on given hardware multiple times (10,000 

executions), the average execution time for each cycle is then calculated. 

The original Taylor equation is executed as a single element. As a direct comparison for the 

enhanced equation, a 21 element Taylor equation took 3.78 x 10-6 seconds. The Shapiro equation 

with 21 elements has an average execution time of 1.83 x 10-5 seconds and the enhanced Taylor 

equation, also with 21 elements, yields an average execution time of 1.57 x 10-5 seconds. This 

indicates the enhanced Taylor equation is comparable with Shapiro’s equation.  

6.5  Summary 

This contribution develops an enhanced Taylor equation, based on the original Taylor equation, that 

estimates the initial angle of projection of fragments in a cylindrical explosion.  It corrects some of 

the weaknesses of the Taylor equation by modifying the initial velocity of fragments using 

contribution number 2 that improves the initial velocity of fragments in the cylinder.  It also 

incorporates the effect the changing shape of the warhead’s casing has on the value of the Taylor 

equation.  

The final version of the equation is verified against available experimental data and correlation 

coefficients calculated. It is also tested against a recent equation that calculates the initial angle of 

projection of fragments. 

The speed of the new enhanced equation is also calculated and compared with other equations. 
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7 Contribution number 4 - Simulation 

7.1 Introduction 

FEA simulation techniques for explosions have long execution times, so this contribution is exploring 

using a set of analytical equations to simulate explosion fragments. The simulation consists of linked 

modules with each module dependent on a number of parameters and variables. A module may be 

replaced if it can be improved.   

Figure 7-1 Modules included in the simulation 
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Figure 7-1 shows the modules in the simulation, identified as circles.  The modules in a rectangle are 

linked and the number shown in the circle determines the execution sequence of that module in the 

rectangle.  Within a rectangle, modules with no number can be executed in any sequence after the 

numbered modules.   

 This three-dimensional simulation model incorporates the three contributions set out in previous 

chapters as well as other described steps.  The steps taken to set-up this simulation model are: 

 

The above points are discussed in more detail as follows: 

  

1. Define the dimensions of the cylindrical explosion. The target vehicle is at a given distance 

from the warhead with one side of the vehicle armoured. 

2. Use voxels to define the target vehicle.  The probability a voxel is hit by fragments will be 

calculated. Large sized voxels will execute quickly but provide less detailed results, small 

voxels will take longer to execute but provide more detailed information. 

3. Identify the circumferential fragments.  This is a random process and each time the 

simulation is run a new set of fragments is created. This is set out in Contribution 1. 

4. Identify the axial fragments.  Their thickness will be the thickness of the casing.  This is a 

random process and each time the simulation is run a new set of fragments is created. This 

is set out in Contribution 1. 

5. Define the shape of the expanding cylinder just before it breaks up (i.e. just before the 

fragments leave the casing).  This is set out in Contribution 3. As the casing expands, so do 

the fragments. 

6. Calculate the initial angle of projection of fragments.  This is set out in Contribution 3 

7. Calculate the initial velocity of fragments.  This is set out in Contribution 2 

8. Calculate the trajectory of fragments. 

9. Determine which fragments hit the target vehicle.  

10. Calculate where fragments hit the target.  

11. Determine how fragments penetrate the target armour 

12. Determine the probability a voxel within the vehicle is hit by fragments.  This step is 

determined using variable sized voxels. 
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7.2 Approach 

7.2.1 Define the cylindrical explosion and the position of the target 

Figure 7-2 shows the overall layout of the simulation.  The warhead’s cylinder stands on the ground    

(plane X=0) and  positioned vertically, with the detonation point at coordinate (0,0,0).  The length of 

the warhead is LL and its diameter is WW. The distance between the detonation point and the 

closest side of the target vehicle is D.   

The target vehicle is also positioned on the ground with the closest side of the vehicle, to the 

warhead, situated on the Y=D plane.  The middle of the vehicle’s length is at position Z=0.  

In creating the simulation, the “standard” warhead used is a cylindrical warhead, whose length is 

10cm, diameter is 5cm and casing thickness is 0.4cm. The casing is made from hard homogeneous 

steel and the explosive charge is TNT.  To test the validity of the model a warhead whose length is 

20cm and diameter is 10cm is also created.  The target vehicle has a length of 2m, height of 1m and 

width of 0.4m. 

Only fragments facing the target vehicle are analysed as only these fragments can hit the vehicle.  

Four coordinates define a fragment and the fragment’s thickness is equal to the thickness of the 

casing (Figure 7-6 shows the four coordinates).  

The simulation initially assembles the fragments on the warhead’s cylindrical casing.  As the casing 

expands there are two different ways to provide these four coordinates: 

The advantages of these approaches are: 

1. When the case expands fragments maintain their shape.  This will result in small gaps 
between the long circumferential strings.  

2. When the case expands fragments expand.  This will result in the fragments becoming 
isosceles trapezoids rather than cuboids.  

Figure 7-2 The overall layout of the simulation 
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A combination of the two options is probably the most likely scenario; in the first option the casing is 

expanding so the fragment should change its shape and in the second option fragments will not have 

gaps between the axial lengths. This thesis will develop equations that uses option 2.   

7.2.2 Use voxels to define the target vehicle  

The target vehicle is divided into small cubes called voxels with the length of the sides of a voxel 

being variable. A simulation with large voxel lengths can quickly determine if the results are worthy 

of more detail and, if this is the case, smaller voxels can be used to provide more detail but would 

take longer to execute the simulation.    Whichever size of voxel is chosen it is possible to determine 

the number of times a voxel is touched by fragments. 

7.2.2.1 The target vehicle 

Figure 7-3 shows an orthographic projection of a target vehicle.  The white space, that is external to 

the vehicle, is also included in the simulation. The part of the vehicle on the side elevation A, B, C 

and D contains armour.   

Originally it was decided to include the vehicle’s critical components.  However, in calculating the 

probability that voxels are hit by fragments, it is possible to identify positions in the vehicle which 

have a low and a high chance of being hit.  It is then feasible to identify optimum positions for 

components. Consequently, the step of including components in the vehicle, is not required.  

 

1. In the first option the mathematics is slightly more complex, and the gaps created by the 
expanding casing can be used to hold dust or small fragments.   

2. In the second option the mathematics is less complex. As the fragments form isosceles 
trapezoids the thickness of the fragment is not constant for the whole of the fragment. As 
the fragment’s thickness is small compared with the length or width of the warhead the 
change from a cuboid to a trapezoid is small and the model can assume the fragment’s 
thickness is constant and equal to the thickness of the casing. 

Figure 7-3 The shape of the vehicle in the simulation 
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7.2.3 Identify the circumferential fragments 

This section determines the width of fragments. Fragments are assumed to be cuboids with a given 

width and length and are generated using Poisson distributions.  These assumptions are taken from 

Mott’s work on explosion fragments [37]. How circumferential and axial fragments are created is 

outlined in Felix’s paper [149]. 

The simulation model assumes the first circumferential fragment touches the Z axis.  This limits the 

initial position of the first fragment but makes the simulation easier to execute having a fixed 

starting point.  However, this approach may have an impact on which fragments penetrate the 

target vehicle. As the fragments are generated randomly a Monte Carlo method of repeating the 

experiment many times and then taking an average is a suggested future enhancement. 

Each circumferential fragment is formed from part of the cylindrical casing (see Figure 7-4).  It has a 

given angle to the Z axis and a given length.  Figure 7-4 shows two fragments; fragment AB, shown in 

red, whose length is L1 and angle to the Z axis equal to 2𝜃1 and fragment BC, also shown in red, 

whose length is L2 and angle to the Z axis equal to 2𝜃1  + 2𝜃2. 

  

Figure 7-4 Cylindrical fragments and their dimensions 
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7.2.4 Identify the axial fragments 

Each circumferential fragment creates a long string of metal and from this string several fragments 

are then created[38].  To define the fragment number the circumferential fragment number forms 

the first part of the fragment number and the string number forms the second part of the of the 

fragment number.  See Figure 7-5.  

To calculate the coordinates of the fragments around the circumference of the cylinder the value of 

𝜃𝑖 (in radians) is: 

𝜃𝑖 = 𝐿𝑖/2𝑟 (7.1) 
 

Where 2𝜃𝑖 is the angle formed by the arc length of the ith width (circumferential) fragment,  𝐿𝑖 is its 

length and r is the radius of the cylinder. The width of the fragment is bisected to create the 

midpoints of the fragments which are the points used to determine the trajectory of the fragment. 

Four coordinates that define the fragment and the midpoints A, B are shown in Figure 7-6. 

For the first circumferential fragment (1,1), as shown in Figure 7-5, the coordinates are denoted as 

(1,1,1), (2,1,1), (3,1,1) and (4,1,1). 

Figure 7-5 The two-dimensional naming convention 

Figure 7-6 A fragment and its coordinates 
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The coordinates of fragment (i,j) where i >1 and j >1 are: 

 

 

when 𝑗 = 1; ∑ 𝐿𝑖,𝑛

𝑛=𝑗−1

𝑛=1

 equals 0 

when 𝑖 = 1;   sin (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

) equals 0 and cos (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

)  equals 1 

and where 𝐿𝑖,𝑛 is the length of the nth fragment along the cylinder’s axis.  

The mass of each fragment can be calculated and the distribution of fragment masses versus the 

number of fragments determined.  It is then possible to compare this distribution with Mott’s 

distribution to consider the accuracy of the fragmentation of the warhead’s casing.  

7.2.5 Define the shape of the expending explosion cylinder just before it breaks up 

The warhead expands in the YZ plane, see Figure 7-7. The expansion of the warhead is symmetrical 

about the X axis and the expansion at a given x value can be calculated, for fragments with mid 

points along an axis denoted by 𝑌𝑍𝜃  , and 0 <=  θ <= 360 degrees. The equation of the expanded 

warhead is a simplified version of the quartic equation in Table 6-2 and assuming the maximum 

expansion is at the midpoint of the warhead:  

𝑌𝑍𝜃 = −(16/3)(𝑥 − 0.5)4 + .33 
 

 

And the general formula of this equation where LL is the length of the warhead and WW its width is: 
 

𝑌𝑍𝜃 = −(16/3)(𝑊𝑊𝑥/𝐿𝐿 − 0.5)4 + .33  (7.3) 
 
Set Equation 7.3 to: 
 

  

𝑥(1, 𝑖, 𝑗) = ∑ 𝐿𝑖,𝑛

𝑛=𝑗−1

𝑛=1

; 𝑦(1, 𝑖, 𝑗) = 𝑟sin (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

) ;  𝑧(1, 𝑖, 𝑗)  = 𝑟cos (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

) 

𝑥(2, 𝑖, 𝑗) = ∑ 𝐿𝑖,𝑛

𝑛=𝑗

𝑛=1

; 𝑦(2, 𝑖, 𝑗) = 𝑟sin (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

) ;  𝑧(2, 𝑖, 𝑗) = 𝑟cos (2 ∑ (𝜃𝑛)

𝑛=𝑖−1

𝑛=1

) 

𝑥(3, 𝑖, 𝑗) = ∑ 𝐿𝑖,𝑛

𝑛=𝑗

𝑛=1

; 𝑦(3, 𝑖, 𝑗) = 𝑟sin (2 ∑(𝜃𝑛)

𝑛=𝑖

𝑛=1

) ;  𝑧(1, 𝑖, 𝑗) = 𝑟cos (2 ∑(𝜃𝑛)

𝑛=𝑖

𝑛=1

) 

𝑥(4, 𝑖, 𝑗) = ∑ 𝐿𝑖,𝑛

𝑛=𝑗−1

𝑛=1

; 𝑦(4, 𝑖, 𝑗) = 𝑟sin (2 ∑(𝜃𝑛)

𝑛=𝑖

𝑛=1

) ;  𝑧(4, 𝑖, 𝑗) = 𝑟cos (2 ∑(𝜃𝑛)

𝑛=𝑖

𝑛=1

) 

(7.2) 

𝑌𝑍𝜃 = 𝑓(𝑥, 𝑊𝑊, 𝐿𝐿) (7.4) 
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The fragment on the cylindrical casing increases its length as the casing expands.  See Figure 7-7. 
 

 

Figure 7-7 The casing expands and the fragment increases in length 
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The expanded length of a fragment is referred to as  𝑛𝑒𝑤 𝑙𝑒𝑛𝑔𝑡ℎ(𝐿𝐿(𝑖, 𝑛))  which satisfies the 
following equation: 

𝑛𝑒𝑤 𝑙𝑒𝑛𝑔𝑡ℎ (𝐿𝐿(𝑖, 𝑗)) = √𝐿𝑖,𝑗
2 + ((𝑓(𝑥2, 𝑊𝑊, 𝐿𝐿) − 𝑓(𝑥1, 𝑊𝑊, 𝐿𝐿))2  

 

Where  𝐿𝑖,𝑗  is the length of the fragment, before expansion, x1 and x2 are the x values of fragment 

edges closest to and further away from the detonation.  So, as the casing expands replace r in 

Equation 7.2 with  𝑓(𝑥, 𝑊𝑊, 𝐿𝐿) and length 𝐿𝑖,𝑛 with 𝐿𝐿(𝑖, 𝑛) 

 

7.2.6 Calculate the Initial angle of projection of a fragment 

The initial angle of projection of a fragment depends on the enhanced Taylor angle (see Chapter 6), 

as shown in Equation 7.5.  

𝐴𝑛𝑔𝑙𝑒 = (
1

𝜆
) (

180

𝜋
) tan−1(−(16/3)(4𝑊𝑊/𝐿𝐿)(𝑊𝑊𝑥/𝐿𝐿 − 0.5)3) + 𝑀𝑇𝐴 

(7.5) 

 

Where x is the distance from the detonation and 𝜆 is approximately set equal to 3 and the maximum 

velocity occurs at the warhead’s mid-point. The angle is assumed to be in radians; if this is not the 

case then the term 180/𝜋 can be omitted. The term MTA is a simplified version of Equation 6.6, 

shown as Equation 7.6. 

𝑀𝑇𝐴 = −(𝑇𝐴(1 − 0.65)/0.52)((𝑊𝑊𝑥/𝐿𝐿) − 0.5)
2

+ 𝑇𝐴                   (7.6) 

 

Where TA is the Taylor angle and 𝑇𝐴 = 𝑆𝑖𝑛−1(𝐺/2𝑈) where G is the Gurney velocity and U is the 

detonation velocity.   

Figure 7-8 shows two possible Taylor angles, denoted by 𝛼1and  𝛼2. Unfortunately, no research 

papers could be found that identify how fragments break away from the casing.  There are many 

ways the fragments can be projected from the casing.  For example, one edge is projected first or 

both edges are projected simultaneously.  The fragment is quickly forced into a direction aligning 

with the Taylor angle by the escaping gases.  Consequently, in this thesis, it is assumed the edge of 

the fragment closest to the detonation point is the first edge to be projected from the casing.  This 

assumption does not change the velocity or the angle of projection of the fragment but has a small 

effect on the impact position of the fragment on the target.  

In Figure 7-8 the fragment with the Taylor angle 𝛼2 has its edge, furthest away from the detonation, 

positioned on the casing.  This edge acts as an axis of rotation for the edge closest to the detonation.  
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Knowing the initial projection angle of a fragment 𝛼2, the length of the fragment 𝐿𝐿, and the two 

coordinates of the fragment on the casing (x1,yz1) and (x2,yz2) the coordinates of the fragment as it is 

about to be projected from the casing can be calculated. Figure 7-8 identifies these coordinates as 

(x2,yz2) for the edge on the casing and (x2+LLsin𝛼2 , yz2+LLcos𝛼2) for the rotated edge. 

7.2.7 Calculate the initial velocity of a fragment 

The initial velocity of a fragment is calculated from the enhanced Gurney equation (see Section 5). 

The three-dimensional coordinates of the velocity are given by Equation (7.7): 

𝑉𝑥 = 𝑉sin ∝ 

𝑉𝑦 = 𝑉cos ∝ sin (𝜃𝑛 +  2 ∑ 𝜃𝑖

𝑖=𝑛−1

𝑖=1

) 

𝑉𝑧 = 𝑉cos ∝ cos (𝜃𝑛 +  2 ∑ 𝜃𝑖

𝑖=𝑛−1

𝑖=1

) 

 
 
(7.7) 

 

Where V is the velocity of a fragment which depends on the enhanced Gurney velocity shown as 

Equation 5.8, ∝ is the initial angle of projection and θi is the angle the midpoint of the ith fragment 

makes with the circumference.   

7.2.8 Calculate the trajectory of fragments 

This simulation assumes the exploding warhead and target vehicle are close and if this is the case 

the trajectory of fragments is a straight line as indicated by Fitzpatrick [93]. As indicated in Section 

3.4.6 rotation of fragments is also ignored. 

Figure 7-8 An expanding case and fragments about to be projected 
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7.2.9 Determine which fragments hit the target vehicle 

In the simulation the closest face of the target is on the plane Y=D. The warhead is placed central to 

this face at a distance D from the target face.  To hit the target vehicle the maximum angles the 

fragments can have relative to the Y axis are shown in Figure 7-9. 

The maximum angle Φ1relative to the Y axis for fragments to hit the target vehicle is: 

Φ1 = tan−1 (
±𝐿

2(𝐷 − 𝑅)
) 

(7.8) 

 

Where R is the expanded radius of the casing, D is the distance to the target from the warhead’s axis 

and L is the length of the target 

The maximum angle Φ2 relative to the Y axis for fragments to hit the target vehicle is: 

Φ2 =  𝑡𝑎𝑛−1 (
𝐻

(𝐷 − 𝑅)
) 

 (7.9) 

 

Where H is the height of the target and R and D are defined in Equation 7.8. 

 

Figure 7-9 Which fragments hit the target 
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7.2.10 Calculate where fragment hit the target 

Fragments are trapezoids with their axis of rotation determined by the midpoints of their two 

parallel sides  as shown in Figure 7-10. 

In Figure 7-10 diagram (1) edge DC and diagram (2) edge AB are the rotation edges of the fragment.  

Assuming (𝑥1, 𝑦1, 𝑧1) is the midpoint of the fragment’s edge on the casing and (𝑥2, 𝑦2, 𝑧2) is the 

midpoint of the fragment’s edge rotated about (𝑥1, 𝑦1, 𝑧1).   

The equation of the line joining two points  (𝑥1, 𝑦1, 𝑧1) and (𝑥2, 𝑦2, 𝑧2) in three dimensions is 

 

Where t is a constant. Equation (7.10) has different values of t to determine different points on the 

straight line.  

Then using Figure 7-8,  the coordinates of the fragment rotated about edge on the casing are  (𝑥1 +

𝐿𝐿𝑠𝑖𝑛𝛼, 𝑦1 + 𝐿𝐿𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝜃, 𝑧1 + 𝐿𝐿𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝜃).   

Figure 7-11 shows the Y and Z coordinates of the fragment about to be projected. As only one view 

of the warhead is shown only the coordinate x1 can be seen  

𝑥(𝑡) = 𝑥1 + (𝑥2 − 𝑥1) ∗ 𝑡 
𝑦(𝑡) = 𝑦1 + (𝑦2 − 𝑦1) ∗ 𝑡 
𝑧(𝑡) = 𝑧1 + (𝑧2 − 𝑧1) ∗ 𝑡 

(7.10) 

Figure 7-10 Axis of rotation of fragments. 
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The equations of the straight line joining the mid points of the parallel edges of the fragment are: 

𝑥(𝑡) = 𝑥1 + (𝐿𝐿sinα)𝑡 
𝑦(𝑡) = 𝑦1 + 𝐿𝐿(cosα)(sinθ)𝑡 
𝑧(𝑡) = 𝑧1 + 𝐿𝐿(cosα)(cosθ)𝑡 

(7.11) 

 

Where 𝐿𝐿 is the length of the fragment, 𝛼 is the Taylor angle of projection of the fragment, t is a 

value of a point on the line varying from 0 to 1 for the line located on the fragment and 𝜃 is the 

angle the fragment makes with the Z axis. 

It is now necessary to extend the straight line and calculate the value of t so that the fragment hits 

the target vehicle. 

The fragment hits the target when z(t) is equal to D.  So, 

𝐷 = 𝑧1 + 𝐿𝐿(cos𝛼)(sin𝜃)𝑡  
or  

𝐷 − 𝑧1

𝐿𝐿cos𝛼sin𝜃
= 𝑡 

(7.12) 

 

Figure 7-11 Coordinates of a fragment about to be projected 
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So, solving Equations (7.11) using the value of t obtained in equation (7.12) the coordinates of the 

fragment hitting the target are: 

𝑥1 +
(𝐷 − 𝑧1)𝐿𝐿sin𝛼

𝐿𝐿cos𝛼sin𝜃
;                        𝑖𝑒 𝑥′ = 𝑥1 +

(𝐷 − 𝑧1)tan𝛼

sin𝜃
 

𝑦1 +
(𝐷 − 𝑧1)𝐿𝐿cos𝛼cos𝜃

𝐿𝐿cos𝛼sin𝜃
;               𝑖𝑒 𝑦′ = 𝑦1 + (𝐷 −  𝑧1)cot𝜃 

𝑧1 + 𝐿𝐿cos𝛼sin𝜃
(𝐷 − 𝑧1)

𝐿𝐿cos𝛼sin𝜃
;        𝑖𝑒 𝑧′ = 𝐷 

(7.13) 

 

The values of the coordinate (𝑥′, 𝑦′, 𝑧′) represent where the fragment hits the target vehicle with 

the initial position of the fragment located on the warhead’s casing at coordinate (x1,y1,z1). 

7.2.11 Determine how fragments penetrate the target armour 

The THOR equation to determine residual velocity is set out in Equation 6.1, a copy of which is 

shown in Equation 7.14, together with the values of the constants for steel in Table 7-1: 

𝑉𝑟 = 𝑉𝑠 − 10𝑐(𝑡𝐴)𝛼𝑚𝛽(sec∅ )𝛾𝑉𝑠
𝜆 (7.14) 

Table 7-1 THOR equation constants for residual velocity for no particular fragment shape 

 Metal c α β Γ λ 

Face-Hardened Steel 4.356 0.674 -0.791 0.989 0.434 

Mild Homogeneous Steel 6.399 0.889 -0.945 1.262 0.019 

Hard Homogeneous Steel 6.475 0.889 -0.945 1.262 0.019 

 
For full penetration the value of 𝑉𝑟 (the residual velocity) is set to zero (the velocity of the fragment 
exiting the target armour is zero, so the fragment just penetrates the target material).  Initially the 
thickness of armour (t) is set to 4mm and the striking area of the fragment (A) is calculated from the 
width of the fragment multiplied by its thickness.  Also, it is assumed the angle of incidence of the 
fragment (∅) will not ricochet if the angle >=80 degrees.  Below this value, it is assumed the 
fragment will ricochet. 
 
As fragments have a high velocity when they impact the target vehicle, research suggests that they 
will lose mass in penetrating the armour (see section 3.5.7.3).  This is because the target material 
resists being penetrated by fragments.  The THOR paper indicates this resistance affects the 
fragment through a loss in velocity and weight. However, this contribution is only interested in 
which voxels are touched by fragments, which is not dependent on the fragment’s mass.  The 
fragment residual mass is therefore ignored. 
 
The angle of impact is given by Equation 7.15 
 

sin−1
(𝐷(cos𝛼)(cos𝜃))

√𝐷2√sin2𝛼 + (cos2𝛼)(sin2𝜃) + (cos2𝛼)cos2𝜃)
 

 

= sin−1((cos𝛼)(cos𝜃)) 

(7.15) 
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7.2.12 Determine the probability a voxel within the vehicle is hit by fragments 

The steps taken to determine the probability a voxel within the vehicle is hit by fragments are as 

follows: 

First calculate the impact position of the fragments on the vehicle. As the fragments are assumed to 

travel in straight lines, the initial coordinates, velocity and angle of projection of a fragment enable 

the simulation to determine where the fragments hit the target vehicle and their angle of incidence.  

Second the length, width and height of the vehicle space is divided into voxels.  The fragments that 

hit the target vehicle and penetrate the armour then pass through the vehicle voxel space.  Some of 

the voxels in the vehicle voxel space are touched by the fragments.   Each voxel contains a count of 

the number of fragments touching it and at the end of the simulation the probability a voxel is hit is 

equal to the count in the voxel divided by the sum of all the voxel counts.  

Having empty voxels inside the vehicle is a simplistic view because a vehicle contains many 

components.  A future improvement could include these components, contained in one or more 

voxels.  These voxels then need to include information of how they are affected by a fast-moving 

fragment.   

Finally calculate which voxels are touched by fragments. Fragments travel in a straight line (i.e. like a 

ray of light) and the method to calculate their path in the vehicle voxel space is based on a ray 

tracing paper by Amanatides [150]. Amanatides model, in which light rays touch voxels, is modified 

to calculate how fragments, which travel in straight lines, traverse the voxel space.   

Figure 7-12 provides a flowchart showing how fragments hitting the voxel space of the vehicle are 

counted. 
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Figure 7-12 Flowchart of a fragment hitting vehicle 
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7.3 Validation 

The simulation is validated by creating witness plates of fragments hitting the target vehicle.  These 

can then be compared with experimental witness plates and witness plates created by alternative 

simulations. 

The timing of the complete simulation can be compared with other simulations’ timings.  The 

objective of the thesis is to have a model that is faster than models using FEA models so the 

comparison should be against FEA models.  

7.4 Results 

7.4.1 Results of simulation 

Figure 7-13 shows examples of where fragments in the simulation first impact the vehicle. 

 

Figure 7-13 Examples of patterns made by fragments 
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In Figure 7-13 the ‘*’ represents where the centre of fragments hits the vehicle.   

In the simulation the size of fragment impacts is not shown.  Many fragments form a crater when 

they hit the vehicle’s external wall, and this can be included in the simulation by plotting circular 

impact craters with the width of the fragment equal to the diameter of the circle. This was not 

included in this thesis. 

7.4.1.1 Comparison with other researchers’ experiments 

The only simulations that provide witness plates are for FEA simulations, which because they are FEA 

simulation are assumed to be more accurate than this contribution’s witness plates. 

Chen carried out experiments and simulations, using the FEA programme LS-Dyna, for cylindrical 

warhead explosions.   An example  of one of his simulated witness plates is shown in Figure 7-14 

[68]. In this simulation the warhead contained JHL-3 explosive, the casing had an outer diameter of 

180mm, height of 200 mm and unknown thickness.  The steel target was 1.5m long and 1.26m wide.  

The Shapiro equation was used to determine the initial angle of projection of fragments and the 

Gurney equations to determine the initial velocity.  

 

Ding performed similar experiments and simulations, also using the FEA programme LS-Dyna 

programme, on cylindrical warhead explosions.  An example of one of his witness plates is  shown in 

Figure 7-15 [151]. In the simulation the warhead contained TNT explosive and the casing had an 

outer diameter of 100mm, height of 80mm and unknown thickness.  The steel target was 3.5 m from 

the warhead.   

Figure 7-14 Witness plate provided by Chen’s 
simulation [68] 
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The Shapiro equation was used to determine the initial angle of projection of fragments and the 

Gurney equations to determine the initial velocity.  

There are similarities and differences between the results shown in Figure 7-13 and the simulations 

from Chen and Ding.  The three simulations approximately form straight lines of fragment hits.  The 

Chen simulation shows more fragment hits than Ding’s and the contribution 4 simulation. 

In Figure 7-13 the ‘*’ form straight lines because the simulation excludes yaw angle rotation in the 

fragment’s flight.   Including yaw angle rotation causes the fragment to be subjected to a small 

amount of movement in the Z direction (this is vehicle length axis).  This will make the fragments 

represented on the witness plate more realistic.  It is unknown if Chen and Ding include a yaw angle, 

but their witness plates suggests they do not. 

In addition to the above omission Figure 7-13 does not include small fragments which are created as 

the casing expands and the long strings of circumferential fragment are ripped apart from one 

another. Again, it is unknown if Chen and Ding include small fragments, but their witness plates 

suggest they do. 

  

Figure 7-15 Witness plate provided by Ding’s 
simulation [151] 
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7.4.1.2 Comparison with experimental data 

Arnold’s paper shows physical explosion witness plates created by fragment indentations [60].  An 

example of a witness plate is shown in Figure 7-16.  

 

Figure 7-17 also, shows an image of fragment impacts on a witness plate.  This figure is obtained  

using an infrared thermographic lock-in method that enhances the view of the fragment impacts and 

the damage to the surface is visible around the fragment indentations [152]. 

Figure 7-16 Example of Arnold witness plate [60] 

Figure 7-17 Swiderski image of fragments hitting plate [152] 
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The Chen, Ding and this contribution’s simulations are different from experimental witness plates.  

Each of the simulations provides impacts showing almost straight lines, whereas the Arnold witness 

plate shows more random impacts.  However, with the inclusion of impact craters and adding 

fragment yaw rotation would make contribution 4’s simulation more accurate and similar to the 

experimental witness plates.   

Figure 7-18 shows witness plates of fragment impacts from Arnold [60], An [153] and Swiderski 

[152]].  Although these witness plates indicate “random” fragment hits, the inserted lines, which 

“connect” three or more impacts, show fragments hitting a target are linked.  The deviations from 

the inserted lines by some impacts may be due to fragments having small rotations, which have 

been ignored in this simulation.   

 

 

 

 

Figure 7-18 Witness plates from Arnold [60], An [153] and Swiderski [152] 



Page 147  

7.4.1.3 The effect on the target vehicle 

Figure 7-19 shows a witness plate plot from the simulation with the corresponding diagrams that 

indicate the effect of the fragments on the voxels in Figures 7-20 to 7-24.    

In Appendix 2 of this thesis, is set out the output voxel matrices corresponding to the initial vehicle 

fragment hits shown in Figure 7-20. The value in a voxel, provides the number of fragments which 

touch or pass through the voxel. The rows of the matrices represent the vehicle length and the 

columns its height. 

Fragments hit vehicle (voxel size 10cms). 
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Figure 7-20 Fragments hit the target 

Figure 7-19 Witness plate of simulation 
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Fragments voxel z = 1 (10cms from armour side of vehicle). 

 

Fragments voxel z = 2 (20cms from armour side of vehicle). 
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Figure 7-21 Fragments travel 1 voxel inside vehicle 
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Figure 7-22 Fragment travel 2 voxels inside vehicle 
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Fragments voxel z = 3 (30cms from armour side of vehicle). 

 

Fragments voxel z = 4 (40cms from armour side of vehicle). 

7.4.2 Result of execution time 

No similar simulations could be found to provide alternative execution times.   The execution time of 

the simulation is 0.22 seconds, for 10 executions. This gives an average execution time of about 0.02 

seconds. The code has not been optimised so this average time can probably be reduced. 
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Figure 7-23 Fragments travel 3 voxels inside vehicle 
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Figure 7-24 Fragments travel 4 voxels inside vehicle 
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The timings for FEA simulations have already been provided in Section 3.7.3 and show that the 

execution times of FEA simulations are many times slower than the timing of the contribution 4 

simulation.    

Table 7-2 shows the breakdown of the average execution time for the steps in this simulation: 

Table 7-2 Approximate execution times of simulation modules 

Step Simulation module(s) 
Time 
(milli 
seconds) 

1 Create fragments on cylinder casing 12 

2 
Expand the casing and calculate the 
angle of projection and velocity for 

each fragment 
0.5 

3 Move fragments ready for projection 0.7 

4 
Calculate flight trajectories of 

fragments 
0.8 

5 
Calculate impact of fragments on 

target and armour penetration 
0.2 

6 
Move fragments through vehicle 

voxel space 
8 

7 
Calculate probabilities of voxels 

being hit 
0.1 

 Total 22 

 

The individual timings in Table 7-2 are described in more detail as follows:  

Step 1. For the described warhead the simulation creates about 2,200 fragments.   The main variable 

to determine the execution time is the number of created fragments.   

Step 2 to 5.  The execution times depend on the percentage of fragments that can hit the target. 

Refer to Section 7.2.9 of this Chapter and Equation 7.5 for more detail and how to calculate this 

percentage.    

Step 6. The execution time depends on how the fragments move through the voxel space and the 

size of a voxel.   Based on Amanatides model Figure 7-25 is used to provide an approximate value for 

the maximum number of voxels hit by a fragment.   

The blue line represents the maximum fragment path and the grey shading represents fragment 

paths for fragments hitting the vehicle at point A. The vertical lines AB and AC together with the blue 

lines and grey shading can move horizontally, depending where the fragment initially hits the 

vehicle.  The fragment is assumed to ricochet if the angle, in degrees, between a blue line and a 

vertical line is less than 90 – 80.  80 represents the angle below which the fragment will ricochet 

[120]  [119]. 
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For the length/height combination the maximum number of voxels hit by a fragment is equal to  

10 +  roundup(10/(tan80))  = 12, where 10 represents the number of voxels in the height of the 

vehicle.   

For the length/width combination the maximum number of voxels hit by a fragment is equal to 

 4 + roundup(4/(tan80)) = 5, where 4 represents the number of voxels in the width of the vehicle. 

The maximum number of voxels hit by a fragment is estimated by calculating which of the three 

velocity components will cause the fragment to exit the vehicle.  Generally, the X velocity 

component is the smallest component and so most fragments exit the vehicle along the Y or Z axes.  

In our simulation as the length of the vehicle is significantly greater than its width most fragments 

will exit the vehicle along the Y axis. So, the maximum number of voxels hit by a fragment is 

estimated to be 5.    

Figure 7-25 Estimate number of voxels hit by a fragment 
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If the voxel’s size is reduced, for example by a factor of 10, the execution time of step 6 will increase.  

Divide each side of a voxel into 10 parts then the number of small voxels (1/1000 the size of the 

original voxel) hit by a fragment is   

10 +  roundup(10/(tan80)) = 12,  where 10 represents the reduction factor. 

So, reducing a voxel by a factor of 10 leads to multiplying the execution time of step 6 by a maximum 

of 12.  

Step 7.  The execution time depends on the number of voxels hit by fragments, which is estimated in 

Step 6. 

7.4.3 Estimate execution times for a different cylinder warhead 

The estimated execution times for a different warhead can be calculated as follows: 

Step 1.  Use Mott’s equation to estimate the number of fragments. Calculate the ratio of the number 

of fragments divided by 2,200.  Multiply this ratio by the Step 1 execution time in Table 7-2 to 

estimate the execution time for the different warhead’s Step1.  

Step 2 to 5. Calculate the fraction of fragments that can hit the target using Equations 7.8 and 7.9.   

Multiply Steps 2 to 5 execution times in Table 7-2 by this fraction to estimate the Steps 2 to 5 

execution times for the different warhead.  

Step 6. For the different cylinder warhead and the contribution 4 warhead calculate the average 

number of voxels hit by a fragment (as shown in Section 7.4.2 above) multiplied by the fraction of 

fragments that can hit the target (see Figure 7-25). Calculate the ratio of the different cylinder 

warhead’s result divided by the contribution 4 warhead’s result. Take this ratio and multiply it by the 

Step 6 execution time in Table 7-2 to provide the estimated Step 6 execution time for the different 

warhead.   

7.5 Summary 

This Chapter provides the steps required to simulate a cylindrical explosion and includes the three 

previous contributions.  The probability a target vehicle is hit is provided by dividing the vehicle 

space into variable sized voxels and calculating the probability each voxel is hit by a fragment. 

The simulation creates computer generated witness plates by identifying where fragments first hit 

the vehicle.  These witness plates are compared with witness plates from two FEA researchers and 

with experimental witness plates. 

Times of execution of the simulation are provided.  Unfortunately, the times cannot be compared 

with other similar simulations, but they are significantly less than the execution time of explosion 

simulations using FEA. 
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8 Conclusion and future work 

8.1 Conclusion 

8.1.1 Overview 

The overall aim of this thesis is to create a fast and accurate model of explosion fragments to help 

determine vehicle survivability.  This approach represents an alternative to FEA and similar models, 

whose execution times are computationally intensive. The methodology divides the model into a set 

of fast and accurate analytical equations with an overall result that estimates vehicle survivability.  

Finding a set of analytical equations to represent explosion fragments was relatively straightforward 

however some of the equations were inaccurate for parts of the warhead and one step in the model 

was created from first principles as a non-FEA method could not be found.  

The final simulation provides output comparable with FEA models especially in determining how 

fragments hit a target.  The overall simulation has execution times measured in hundredths of a 

second compared with FEA execution times measured in seconds, minutes and even hours.  Overall, 

the work was successful in creating a suitable model that provides fast and accurate results. 

In more detail this study presents four contributions.  

8.1.2 Contribution 1 - Creation of fragments 

Contribution 1 creates cuboid fragments and a method to identify the origin of fragments on the 

warhead’s casing.  To create the set of fragments two options are proposed; option 1 uses the 

Poisson distribution and option 2 uses reverse engineering of Mott’s distribution. 

Option 1 

Option 1 provides better results than Option 2 and incorporates two Poisson distributions.  One 

Poisson distribution uses Mott’s experimental work to provide the mean of the distribution, the 

average length of fragments, equal to 1.1 cms [37]. The second Poisson distribution uses Mott’s and 

other researchers work to provide the mean of the distribution, the average width of fragments, 

equal to about 0.7 cms [37].  The experimental work on the average length of fragments is more 

accurate than the work on the average width of fragments so the width of fragments is allowed to 

fluctuate and optimised in the model.   

The accuracy of option 1 is verified against Mott’s distribution using the number of fragments 

created in the explosion and their weights. Using an average length of fragments of 1.1 cms and 

average width of fragments of 0.59 cms gives a distribution almost identical to Mott’s distribution. 

The correlation coefficient is 0.99, which shows the optimised model is accurate.   

The speed of execution of the model is also fast when compared with FEA simulations, providing an 

average execution time of 0.10 seconds. The execution speed of the option 1 model cannot be 

compared with other results, because of the lack of alternative execution times. However, it was 

significantly faster than the execution times of FEA models. 

Option 2 

Option 2 gives an almost 100% correlation coefficient with Mott’s distribution, which is expected 

given the distribution is reverse engineered.  However, the histogram of fragment widths needs to 
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be improved before it can be used in the simulation and the distribution of fragment aspect ratios 

requires further investigation before it can be accepted in the simulation. 

8.1.3 Contribution 2 - Initial fragment velocity 

Contribution 2 provides a two-dimensional equation to improve the calculation of the initial velocity 

of fragments in a cylindrical explosion.  The new model tracks the initial velocity of fragments with 

experimental data, enhancing a published two-dimensional model and using conservation of energy 

and momentum to create new equations. These equations provide calculations for the initial axial 

velocity of fragments on the cylinder (Equation 5.8), the maximum velocity of fragments on the 

cylinder (Equation 5.17) and the maximum velocity of fragments on the end plates (Equation 5.18). 

Equation 5.8 is verified with three sets of experimental data.  The results of this comparison indicate 

the new equation is accurate with correlation coefficients greater than 0.85.  This indicates the new 

equation should be used to calculate the initial velocity of projection. 

Equation 5.17 was verified with current equations and we conclude this equation provides similar 

results to current equations.  It can be improved by providing a more accurate value for the decrease 

in the Gurney velocity at the end plates. 

Equation 5.18 could not be verified because at the time of undertaking the contribution there was 

no experimental or empirical data about end plate fragment velocity. 

The execution speed of Equation 5.8 is comparable with the speed of an alternative one-dimensional 

equation provide by Huang [77]. The average execution time of this contribution was 35.44 

microseconds. 

8.1.4 Contribution 3 - Initial angle of projection 

Contribution 3 provides an equation to improve the calculation of the initial angle of projection of 

fragments in a cylindrical explosion.  The improved equation enhances the original work of         

Taylor [146] using contribution 2’s initial velocity of fragments and considering the changing shape 

of the warhead’s casing and the effect it has on the initial angle of projection.  

The resultant equation, Equation 6.9, is verified with four sets of experimental data.  The results of 

these comparisons indicate the new equation is accurate with correlation coefficients greater than 

0.88.  This indicates the new equation should be used to calculate the initial angle of projection of 

fragments. 

The execution speed of the enhanced Taylor equation is comparable with the speed of the 

alternative Shapiro equation but slower than the original Taylor equation. The average execution 

time of the enhanced Taylor equation was 1.57 x 10-5 seconds. 

8.1.5 Contribution 4 - Simulation 

Contribution 4 provides a simulation that creates cuboid fragments and assesses the effect of these 

fragments on a target vehicle. Contributions 1, 2 and 3 which creates fragments, determines their 

initial velocity and initial angle of projection are incorporated into contribution 4.    

Coordinates of the fragments are calculated just before they are expelled from the casing and using 

these coordinates the flight trajectory of fragments can be calculated.  The path of fragments’ flights 

determines the coordinates of their impacts, their impact velocities and angle of impact on the 

target vehicle.   
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The target vehicle is divided into variable sized voxels and from the impact of fragments on the 

vehicle the path of fragments in the vehicle and their effect on voxels can be determined. When all 

fragments conclude their journey the probability a voxel is hit is calculated. 

The initial impact of fragments on the vehicle is compared with available witness plates from two 

simulated explosions. The witness plates are similar, but this comparison shows contribution 4 

simulation has fewer fragment hits.  It is suspected this is because small fragments are not included 

in the simulation.  

The simulation is also compared with experimental witness plates.  Delivering fragment impacts as 

craters rather than points and including small yaw angle rotations would enable the simulation to be 

more accurate. 

8.1.6 Overall conclusion 

The accuracy and execution times of the above contributions shows the approach, of using many 

analytical equations to simulate an explosion, is a good alternative to using accurate but slow 

execution time methods such as using FEA.  

The fast simulation, contribution 4, will allow military designers to assess quickly new designs to 

determine if they warrant further, more detailed investigation.  This work will allow them to 

examine modifications to their design such as relocating components, considering protecting 

components with armour or even reducing some protection in order to make vehicles more 

survivable.  

It is thought the execution time of the model could be significantly reduced by optimising the code 

and using compiled code rather than interpreted code; as used in MATLAB.  There is also a possibility 

that FEA models may be able to use some of the contributions to improve the accuracy of their 

models.  

8.2 Future work  

Some modifications and improvements to the simulation are described below in sections 

representing the contribution chapters.  Additional general improvements are provided as follows:  

Shape of the warhead 

The simulation assumes the shape of the warhead is cylindrical with end plates.  It is possible to 

cater for a slight deviation to the warhead’s shape, for example having a cylinder with a conical or 

ogive shaped detonation end plate.  

Only large fragments, with high kinetic energy, are considered in the simulation because they cause 

the most destruction. As most of these fragments originate close to the non-detonation end plate, 

the overall effect of incorporating small changes to the detonation end plate will be small.  To 

accurately cater for these changes means the equations for initial velocity and angle of projection of 

fragments must be modified.  It is believed this can be done with minor adjustments to the relevant 

contributions. Equation 7.3 in section 7.2.4 and Equation 7.7 in section 7.2.7 will have to be revised 

to cater for the introduced changes to the warhead. 

Position of the warhead 

Another improvement to the simulation would be to allow the warhead to be positioned at any 

angle to the X, Y and Z axes, instead of along the X axis as shown in Figure 7.2.  The simulation will 
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have to be modified for the fragment’s initial angle of projection to include the value of the angles to 

the three axes.   

Travel through voxels 

The simulation assumes that fast moving fragments travel through the vehicle in a straight line 

based on the centre of the fragment’s width. However, the size of the fragment’s width and 

thickness means additional voxels are probably impacted by the fragment’s movement.  This 

requirement needs to be included in the simulation, but it is not considered to be a complex 

condition. 

8.2.1 Contribution 1 - Creation of fragments 

8.2.1.1 Option 1 - enhance Mott’s equation using Poisson distributions 

Although the aspect ratio in Option 1 was not calculated it is important to ensure that the final 

results provide similar aspect ratios as experimental data.  It may be fruitful to introduce machine 

learning / artificial intelligence (AI) to calculate the optimum aspect ratio.   

In de Vuyst’s [154] work on cylindrical explosions for different lengthened cylinders he indicated that 

the circumferential fragments varied over the length of the cylinder.  The longer the cylinder the 

more the variation. Although de Vuyst considered cylinders with varying ratios of height to thickness 

of the casing it is believed splitting the length of the cylinder into several rings may create a better 

simulation.  

An example of the splitting of the casing provide by de Vuyst [154] is shown in Figure 8-1 and an 

example of the suggested 2D casing is shown in Figure 8-2. 

Figure 8-1  Fragments with aspect ratios of a) 1:1 b) 1:2 c) 1:3 d) 1:10 [154] 
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8.2.1.2 Option 2 – reverse engineer the Mott equation 

In Option 2 it was discovered that the interval size of Mott’s histogram was too large[37].  It needed 

to be reduced if the correct aspect ratios are to be achieved.   

The distribution of the reverse engineered Mott’s distribution, Equation (4.6) is almost identical to 

Mott’s distribution.  However, a weakness with this distribution is the fragments need to be 

arranged on the warhead’s casing.   

8.2.2 Contribution 2 - Initial fragment velocity 

A better estimate of end plate velocities is required to finalise Equation 5.18.  Kong’s paper [39]  

provides some indication of the value of end plate velocities, but more experimentation is required. 

The end plate velocities of fragments is probably variable for any given end plate.  This could be 

achieved using the same principles as shown in contribution 2. 

8.2.3 Contribution 3 – Initial angle of projection  

An investigation is required to determine why in the work to improve Taylor’s equation [155] in 

contribution 3 uses a value of 𝜆 approximately equal to 3.  It could be the shape of the curves in 

Chapter 6 is inaccurate, especially using the assumption that the expansion at the end plates is zero.   

8.2.4 Contribution 4 – Simulation 

The simulation should include small dust fragments, with an overall weight of approximately 10% of 

the total weight.  This will ensure the witness plate plots have a similar shape as experimental 

witness plates. 

In the simulation it is assumed there is a small distance between the warhead and the target vehicle.  

Over longer distances a fragment’s trajectory and velocity may be changed, by rotation and drag, 

which can affect its ability to penetrate the target vehicle’s armour and its capacity to hit 

components.   

The simulation simplifies the shape of a fragment to a cuboid (Contributions 1 and 4). However 

physical fragments are misshapen  cuboids and generally are asymmetrical (Figure 3-23 to Figure 

3-26). Section 3.4.6 indicates that symmetrical fast-moving bullets rotate slightly in flight so it is 

probable that asymmetrical fast-moving fragments will also rotate. As nothing can be found on the 

amount of rotation, in experimental or empirical data, an estimate is required for rotation and the 

Figure 8-2 An example of a split casing 
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percentage of fragments that rotate.  From the impact of fragments on witness plates the amount 

and number of rotations appear to be small. 

A rotating, fast moving fragment may affect its ability to penetrate armour.  Both Wang [113] and 

Recht [108] provide equations to cater for fragments hitting a target, with some rotation.  These 

equations can be used to replace the THOR equations for target penetration in the simulation. 

However, it may be better to consider integrating this part of the simulation with other, more 

accurate methods such as FEA but the execution time will increase significantly. 

For a fast-moving fragment Section 3.4 indicates how the drag coefficient is dependent on the 

fragment’s velocity. Over long distances between the explosion and the target vehicle a fragment’s 

drag force needs to be included in the simulation.  This will reduce the fragment’s velocity which 

could affect its ability to penetrate armour of a target vehicle.  

Including fragment craters in the witness plate instead of having fragment pinpoint hits on the target 

vehicle, will improved the accuracy of the simulation.  Including craters may also increase the effect 

which voxels are impacted by fragments because fragments will have a given width. 
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APPENDIX 1 - Mott’s example 

The following is an extract from Mott’s paper entitled “Fragmentation of Shell cases” [40].  It is 

included because the “average length of a fragment” (really a fragment’s width) is provided but the 

values used in the formula do not give this value. 
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APPENDIX 2 - Voxels output showing number of fragments hits 

The following matrix shows an outcome, for one width of voxels, of a simulation with the highlighted 

figures identifying the row and column numbers.  Within the matrix each of the numbers represents 

a voxel with their value represents the number of times the voxel is hit by a fragment. The shown 

matrix represents voxels in the vehicles armour side.  Remaining width matrices are similar in 

appearance but have different values in the voxels, as the fragment move through the vehicle. 

The columns represent the length of the vehicle and each of the 20 voxels allocated to its length. 

Position 10 represents the middle of the length of the vehicle. 

The rows represent the height of the vehicle and each of the 10voxels allocated to its height.   

         1     2     3     4     5     6     7     8     9     10 

1       0     2     4     0     0     0     0     1     0     0      

2       0     0     0     0     0     0     0     0     0     0      

3       0     0     0     0     0     0     0     0     0     0      

4       0     0     0     0     0     0     0     0     0     0      

5       1     2     3     1     0     1     0     1     0     0      

6       1     2     3     1     1     1     0     1     0     0      

7       1     2     4     1     1     0     1     1     0     0      

8       1     2     4     0     1     0     1     0     0     0      

9       0     3     1     0     0     0     1     1     0     0      

10     0     3     1     0     0     0     2     1     0     0      

11     0     5     3     2     0     2     3     1     0     0      

12     0     2     2     2     0     1     1     0     0     0      

13     0     5     4     2     0     1     2     1     0     0      

14     0     4     1     0     0     0     1     0     0     0      

15     0     5     2     0     0     0     3     1     0     0      

16     0     1     1     0     0     0     2     0     0     0      

17     0     4     4     1     2     2     3     0     0     0      

18     1     4     4     1     2     0     1     0     0     0      

19     1     3     3     0     2     1     1     0     0     0      

20     0     0     0     0     0     0     0     0     0     0      
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APPENDIX 3 - Publications 

1.Real time calculation of the initial angle of projection for fragments in cylindrical warheads. 

Published by “Journal of Defense Modeling and Simulation” 2020. 

https://doi.org/10.1177/1548512920982673  

 

2.Real-time calculation of fragment velocity for cylindrical warheads.  
Published by Defence Technology 2019. 

https://www.sciencedirect.com/science/article/pii/S2214914718304926 

 

3. A fast and accurate model for the creation of explosion fragments with improved fragment shape 

and dimensions. 

Published by Defence Technology 2020. 

https://www.sciencedirect.com/science/article/pii/S221491472030502X 

 

4. Real time simulation of a fragmenting explosion for cylindrical warheads. 

Published by “Journal of Defense Modeling and Simulation” December 2021.  

https://doi.org/10.1177/1548512921995560  
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